FALL 2007 CAS3

FALL 2007 CASCOURSE 3 SOLUTIONS

1. Exponential interarrival time of events with mean 6 (units of time) is equivaent to the
number of events following a Poisson process with rate \ = %. If V' isthe time between
arrivals, then V' has an exponential distribution with mean 6. The survival function of V' is

PV >t)=e/",

If we measure time in days, then we are given P(V > 30) = ¢ 3%/% = .6 . T"he number of
tornadoes occurring in ¢ days, say N (t), follows a Poisson process with rate A = % per day, and
we know that e 2%/? = .6 . We want the expected number of tornadoesin the next 90 days.

The distribution of V(90) is Poisson with mean 90\ = 2. From e=%/% = .6, we get

0= —% , SO that % = —3In.6=1.53. Answer: C

2. A Poisson process has independent increments, so the number of crashes that have occurred
between 9 AM and 10 AM isindependent of when crashes occur after 10 AM. As measured
from 10 AM, the number of crashes that will occur still follows a Poisson process with arate of
2 per hour. The time until the next crash after 10AM (independent of what happened before 10
AM) has an exponential distribution with a mean of % hour. The next crash is expected at 10:30

AM. Answer: D

3. The number of hurricanesin 4 monthsis Poisson with mean 4(.02) = .08.

Thetotal loss in 4 months has a compound Poisson distribution with a variance of

AE(X?) = (.08)E(X?) , where X is Pareto. The second moment of X is

E(X?) = Var(X) + [E(X)]? = 2,500,000 + 5000 = 27, 500,000 . The standard deviation of
4 month lossesis /(.08)(27,500,000) = 1483. Therisk load is 148.3.

Note that the variance of a Pareto cannot be the square of the mean, since thiswould result in a

2nd moment of # , which would be 2 times the square of the mean. which
1

a—2
a—2"

is 2(=%)%. 1t would then follow that —L- = whichisnot possible. ~ Answer: C

4. E(Y) = 100E(X) = 10008 = 4006.
Wewant E(cY) = cE(Y) = 400cf = 6 inorder for cY to be an unbiased estimate of 6.

It followsthat 400c = 1 sothat ¢ = ﬁ = .0025.  Answer: A
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2,0004-17,0004-271,0004-10,000
4

5. The estimated first and second moments are

2 2 2 2
2,000“+-17,000 +4271,000 +10,000° _ 18,458.5 x 106 .

The moment equations for the Pareto distribution are % = 75,000 and

e = 18,458.5 x 10°

262 0 12 _ 18,458.5x10° 2(a—1)
Then’ (Oé—l)(a—Q)/[a—l] - 752 %106 - a—2 - 3.2815 .

Solving for « resultsin o = 3.56 . Answer: C

= 75,000

and

6. The method moments estimator for the exponential distribution mean and the maximum
likelihood estimator for the exponential distribution mean are both equal to the sample mean.
Answer: C

7. Thesignificance level of the test is the probability of rejecting H, given that H istrue.
Thisis P(Y < 3|]A =0.1) . SinceY isthe sum of 25 independent Poisson random variables
each with mean 0.1, the distribution of Y is also Poisson with mean 25(.1) = 2.5 .

Then, the probability that Y < 3 given that Y is Poisson with mean 3is

P(Y =0,1,2003) = 25 4 ¢25. 20 | o-25 280 4 25 280 _ 756

Answer: D

8. Wewill rgject the null hypothesisif the likelihood ratio, as defined in the problem, is small,
i.e. if i—‘; < ¢ . Wewant to set thistest so that the probability that thisinequality istrue given
that H, istrueis .05, i.e. P(£ < c|Hy true) = .05 .

The critical region has an upper limit of ¢ and alower limit of O, but the answer key indicates

that the answer is B. This appears to be a defective question.

9. The observed and expected number of claimsis
Observed Claims Expected Claims

Cars 40 50
Motorcycles 24 20
Vans 17 15
Trucks 19 15
_ 2 _ 2 _ 2 _ 2
The Chi-Square statistic is (405050) + (242020) + (171515) + (191515) =4.13.

Answer: B
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_ 2
10. For asample of size n from anormal distribution with variance o2, % has a Chi-

Square distribution with n — 1 degrees of freedom. Therefore, in this example %‘92 has a Chi-

Square distribution with 19 degrees of freedom. The 95-th percentile of this distribution is
3014, 0that P(X%" < 30.14) = .95, and then P(S? < 3.17) = .95. Answer: E

11. Thenull hypothesisisrejected at significance level « in the comparison of two variances if
(m=1)S3
(n—1)57

n — 1 degrees of freedom. Inthiscase, « = .05 and m = 13 and n = 12,50 ¢ = 2.79.
2

The critical region can be written in the form % > % - (2.79) = 2.56 . Answer: E
1

> ¢, where c isthe 100(1 — «) percentile from the F’-distribution with m — 1 and

12. The cdf of the largest order statistic of asample of sizen is Fy (t) = [F(t)]".

Therefore, Fy, (25,000) = [F(25,000)]° = [1 — (2%55)"2]° = 457 .

Then, P(Y; > 25,000) = 1 — F},(25,000) = .543.  Answer: E

13. An American option on adividend paying stock has avalue at |east as large as a European
option. An American option increases in value as the time to maturity increases. The lower the
strike price, the higher the value of acall option. All of these factors result in Option D being the
one with the highest value. Answer: D

14. According to put-call parity, the price of the put should be

Call price + PV of Strike price — Prepaid forward stock price .

The prepaid forward price is the current stock price minus the present value of dividends at the
risk freerate, which is 45 — 1.5¢=% = 43.57 .

The price of the put is 5.50 + 47¢ 2% — 43,57 =4.46.  Answer: D
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15. Using put/call parity, we have

Call price 4+ PV of Strike price — Prepaid forward asset price .

If therisk free rate on eurosis 6 per year, then the prepaid nine-month forward price
onaeurois 1.2¢=™° . Then

0.18 = 0.06 + 1.30e (07 — 1,2¢=79

Solving for ¢ resultsin 6 = .0997 . Answer: D

16. The options expirein .5 years. From put/call parity, we get

Pry = Cgy + 82¢7(03) — 80,

The net cost of buying 100 calls and selling 100 putsis

100(Csa — Pg2) = 100(80 — 8215 = —77.92 . Answer: A

17. Thedeltafor acall option isthe increase in option price that occursif the stock price
increases by one dollar. In the binomial model, the deltais =" - ﬁ , Where § isthe
dividend rate, S isthe current stock price, v and d are the proportional up and down moves for
the stock price in one period, and C,, and C; are the call option values at the end of the period if
the stock goes up or down, respectively. Inthiscase, S =100, ©u =1.20,d =.90, 6 =0
and C, = 15 (strike price of 105) and C; = 0. Thedeltais 3035 = .5 . Theincreasein
option price is 0.50 if the stock price increases by 1.00. Answer: C

The tree of stock pricesis

Time O 5 1
112.5
0
90
0
72 76.5
8 35
61.2
18.8
52.02
27.98

The tree also includes put prices at time 1, and exercise put prices at the earlier nodes.
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Therisk neutral probability of an upward movement in stock pricein a half-year periodis

02) 85
1 25—.85

at node"90" of 3.5¢9%5(1 — .438288) = 1.92. Sincethisis greater than the exercise vaue, the
option will not be exercised at that node, and the option value is 1.92 at node "90". The
backward induction value at node "61.2" is [3.5(.438288) + 27.98(1 — .438288)]e~0%° = 16.82
. Since thisis less than the exercise value, the option would be exercised at node "61.2" for a
payoff

of 18.8. The backward induction value at node " 72" is

[1.92(.438288) + 18.8(1 — .438288)]e 9% = 11.12 . Sincethisis greater than the exercise
value at node " 72", thisis option price. Answer: E

= .438288 . The backward induction in the tree resultsin a put option value

19. The proportional increase in one period of length A is
u = eTtha\/ﬁ — 6..04(.25)#15\/% — 1.088717 ,

and the proportional decreasein one period is
d = erh a\/_ — e .04(.25)— 15\/— = .937067 .

Therisk neutral probability of an increase in one period is e;h__dd = .48126 .

The stock pricein 3 months will be either 10(1.088717) = 10.89 and the option value
will be .39, or the stock price will be 10(.937067) = 9.37 and the option value will be 0.
The option price now is (.39)(.48126)e~%4(%) = 19 , Answer: B

20. Answer: B

21. The Black-Scholes formulafor the currency call optionis ze """ N(d;) — Ke "' N (d,) .
Inthisexample, + =0.82, rp =.025,T=1, K =0.80, r = .05, 0 = 0.10,

_ 1.2
d = l”(x/K)ty(%f“” T 55, dy=dy — o\/T = 45 .

Then N(d;) = .7088, N(d2) = .6736 , and the option price for a one-euro call is
.82e7025(.7088) — .8e~%3(.6736) = .0543 .
For 850 options, the option price will be 850(.0543) = 46 . Answer: E
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22. Thecall option elasticity is % , Where S isthe stock price, C' isthe call option price and

A isthe option delta. We are given S = 25. From the Black-Scholes formula,
C=S8e"N(d) - Ke "™ "N(dy) , and A=e"N(d,).

_slg2
From the given values, we have d; = ln(S/K);LE;;ﬂU )T =.504

and d2:d1—0ﬁ2.304.
Then A = N(.504) = .6915 and C = 25N (.504) — 24e "N (.304) = 3.04 .

The elagticity is 25%.609415) =5.7. Answer: B

23. According to the binomial model, for one period u = e(=)h+oVh — o 05+0

and d = e'=Oh—0Vh = 05— \Wearetold that o > .05, whichimpliesthat d < 1.
Therefore, the call option value if the stock price goesdownis C; = 0 . The call option price at
timeOis e "™ [p*C, = (1 — p*)Cy] , where p* = % .
Wewishtofind o.

. 605_6.05—0 1—e e’—1 1 05+
Inthisexample, p* = g ms = o7 = =] = | ;and C, = 10(e™t7 —1).

Then, .9645 = e~ [(7)10(e %5+ — 1) + 0] .

Solving for e? resultsin e = 1.1618 ,and o = .15. Answer: B

24. Theinitia portfolio hasdeltaof (100)( — .05) + 5 = 0 (and agammaof 100(.25) = 25).
In order to have agamma neutral portfolio, the number of put-35 options that need to be written
for each put-40 option held is 11:_4;0 = % = .5, so the number of put options with strike price 35
that should be written is 100(.5) = 50. The portfolio now has agamma of 0 and a delta of

—50( —.10) = 5. In order to reduce deltato O, 5 shares should be sold, and this has no effect
on gamma. Writing 50 puts at strike price 35 and selling 5 shares will delta-gamma-neutralize

the portfolio. Answer: E

B

25. The actuarial present value of the insurance payment is 950,000 x .2 x e~%/* = 187,640 .
Answer: B
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26. A) False (page 445 of text).

B) True (page 449) and False (page 450 - Rebate options)

C) True (page 457 - pricing a gap option requires a modification of Black-Scholes)

and False (page 457 - pricing a gap option is obtained by (a simple modification of) Black-
Scholes).

D) False (page 454).

E) False (page 444).

The original answer key gave B as the correct answer. This question might be judged defective.
Answer: Bor C

27. The geometric average of the 6 month-end stock pricesis

(1.27 x 4.11 x 5.10 x 5.50 x 5.13 x 4.70)'/6 = 3.90 .

Since this geometric average is higher than the strike price, the payoff is
3.90 — 3.5 = .40. Answer: B

28. Therisk neutral probabilities of up and down movement in the stock price are
400773320 _ 4439 and 1 — .4439 = .5561 .

50.80—33.20
The binomial tree of values for the underlying American put option is
Today 6 months 12 months
0
0.46
551 0.84
9.80(exercise early)
15.44

At the end of 6 monthsis the value of the CallOnPut option with strike price 3is 0 if the stock
went up and 6.80 if the stock went down. The value at time 0 of the CallOnPut is
e2°(6.80)(.5561) = 3.69 . Answer: C

29. The Sharperatio for an asset is the ratio of risk premium to volatility. For acall option, the

Sharperatiois =" , where a isthe return on the stock, r is the risk-free rate and o is the

.08—.04 _
55 = -16.

Answer: B

volatility. Thisis
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30. 32 = exp| — [} u(2+ ) dt] = exp| — [} k(2 + )2 dt] = e ¥ = 31037 .

Then ;g2 = ap2 — 3p2 .
opy = exp| — [Th(2 + )% dt] = e /3 = (¢739K)56/(3x39) — (.31037)%6/117 = 57121
92 = = .57121 — 31037 = .26034 . Answer: D

3L S($ +u+ U) = z+u+vP0 = z+ulP0 " vPrtu = 8(3j + 'U,) *vPr+u -

Also, s(z+u) = z1uPo = 2P0 - uPz , SOthat .70 = (.75) ,p, , and ,p, =
Also, ulvdr = upx(l - vprru) sothat .04 = ( 75)(1 - vp:eru) and vPr4u = 1 7
Finally, s(z+ u+1v) = sz +u) - poru = (D1 — LU — 67 Answer: B
CAS Answer Key lists the answer as C.

i
(09(75)

32. 05pas75 = 546 2 From UDD, {4575 = L5 — .75(0s5 — Lag) = 925,
and €46.25 = 646 — .25(646 — 647) = 850. Then, 0.5P45.75 = % =.919. Answer: A

33. €59 = €43+ €43 — €uya) = (P2 +2p,) + (py +2p,) — (Pry +2p,,)

and from independence, we have p,, = p, - p, and 2p,y = 2Dz - 2Dy -

Wearegiven ¢, = ¢, = .2,and yq, = .2 = p, - g1 SOthat g1 = % =.25
and p,.; = .75.Also, p, =.7 and op, = (.7)(.91) = .637 .

Then, e 5 = [.8 4+ (.8)(.75)] + (.7 + .637) — [(.8)(.7) + (.8)(.75)(.637)] = 1.79 .

34. Each battery lifetime follows DeMoivre's Law with w = 100.
Currently, the time until failure is represented by the joint life status of the two batteries, so the
expected time until failureis
8oo = Jy " o dt = [;* mepodt = [;"(1 = 015)(1 - 018) dt = 10 .
After reconfiguration, the time until failure is represented by the last survivor status of the two
batteries, so the expected time of failureis
&5 =G0+ & — oo =2x [ ipodt — 190 =2 x [{*(1 - .01t)dt — £
=2(50) — [, (1 —.01¢) = 20 .

The increase in average time untll failureis 129 |

3 Answer: D
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5 £ = () ] = )k 080 = )06
T 1 2 1 2

= €é5) (1 - qé5) - qé5)) (1 - qf()(i) - qéﬁ))

= 1000(1 — .01 —.03)(1 — .02 — .04) =902.4.  Answer; D

36. Wearegiven Q") = .8, fromwhichit followsthat Q"% = .2,
and wearegiven ,Q\"*) = 44 . Wewishtofind Q\*" .

By identifying 2-step paths, we have

QQE)S,S) _ Qég.,g) _QéS,S) " Q(()S,P) _QéP,S)’ o that

A== P + Q" (2).

Thisisaquadratic equation in fo P)and solvi ng the quadratic resultsin
QE)S’P) = .4o0r1.4.Weignoretheroot thatis > 1. Answer: B

37. The present valueis Arlo-i\

We have 2G50 = Q50 + 11950 = .04 + .08 = .12, so that 2Ps0 = .88

= vq50 + V% 1/q50 -

and since .84 =y F5) = v? opsp = .88v? , weget v? = % and v = % .
_ & 84 _ .
Then, A510:§| =1/ g5 (:04) + 55 - (.08) = .1154 . Answer: E

38. From @, = G + oy - Tpyn ,WeQet 1.20 =@ ,.5 + (.75)(1.1)
sothat @, = .375. Answer: E

} .
39. We use the retrospective reserve formula V15 = P Joy __nd

Inthiscase P = .035 (per $1 of face amount) , gy =1, A21Oﬂ = vgeo = (.96)(.02) = .0192,

and 1Fo0 = VP2 = (96)(98) =.9408 .
Thereserveis (.035)(1)/(.9408) — .0192/.9408 = .0168 per $1 of face amount, so that
reserve on apolicy of $100is 1.68. Answer: D
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40. The cash flow at time 1 is 70 with probability Q2 = .4 and O otherwise, so the actuarial
present value of thetime 1 cash flowsis (70)(.4v) = 25.45 .

The cash flow at time 2 is

(i) 70if the transition from time 1 to time 2 isfrom State 1 to State 2. This happensif the
transition sequenceis 1- 1 - 2, and the probability is Q") - QU2 = (.6)(.4) = .24 .

(i1) 30if the transition from time 1 to time 2 is from State 2 to State 1. This happensif the
transition sequenceis 1- 2 - 1, and the probability is Q12 - Q1) = (.4)(.1) = .04.

(i) 100 if the transition from time 1 to time 2 is from State 2 to State 3. This happensif the
transition sequenceis 1- 2 - 3, and the probability is Q%) - Q>3 = (.4)(.2) = .08.

The total actuarial present value of the cash flow at time 2 is

[(70)(.24) + (30)(.04) + (100)(.08)]v* = 21.49 .

Thetotal APV of al cash flowsinthefirst two yearsis 25.45 + 221.49 = 46.94 .
Answer: C
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