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FALL 2007 CAS COURSE 3 SOLUTIONS

1.  Exponential interarrival time of events with mean  (units of time) is equivalent to the)

number of events following a Poisson process with rate  . If  is the time between- œ Z"
)

arrivals, then  has an exponential distribution with mean . The survival function of  isZ Z)

TÐZ  >Ñ œ />Î).
If we measure time in days, then we are given   . he number ofTÐZ  $!Ñ œ / œ Þ' X$!Î)

tornadoes occurring in  days, say , follows a Poisson process with rate   per day, and> RÐ>Ñ œ- "
)

we know that   .  We want the expected number of tornadoes in the next 90 days./ œ Þ'$!Î)

The distribution of  is Poisson with mean   .  From   , we getRÐ*!Ñ *! œ / œ Þ'- *!
)

$!Î)

) œ  œ  $ 68 Þ' œ "Þ&$$! *!
68 Þ'  , so that    .  Answer:  C)

2.  A Poisson process has independent increments, so the number of crashes that have occurred
between 9 AM and 10 AM is independent of when crashes occur after 10 AM. As measured
from 10 AM, the number of crashes that will occur still follows a Poisson process with a rate of
2 per hour. The time until the next crash after 10AM (independent of what happened before 10
AM) has an exponential distribution with a mean of hour. The next crash is expected at 10:30"

#

AM.   Answer:  D

3.  The number of hurricanes in 4 months is Poisson with mean  .%ÐÞ!#Ñ œ Þ!)

The total loss in 4 months has a compound Poisson distribution with a variance of
-IÐ\ Ñ œ ÐÞ!)ÑIÐ\ Ñ \ \# #  , where  is Pareto. The second moment of  is
IÐ\ Ñ œ Z +<Ð\Ñ  ÒIÐ\ÑÓ œ #ß &!!ß !!!  &!!! œ #(ß &!!ß !!!# # #  . The standard deviation of
4 month losses is . The risk load is  148.3 .ÈÐÞ!)ÑÐ#(ß &!!ß !!!Ñ œ "%)$

Note that the variance of a Pareto cannot be the square of the mean, since this would result in +
2nd moment of    , which would be 2 times the square of the mean. which#

Ð "ÑÐ #Ñ
)

α α

#

is .  It would then follow that   , which is not possible.        Answer:  C# œÐ Ñ)
α α α" " #

" "#

4.  .IÐ] Ñ œ "!!IÐ\Ñ œ "!! œ %!!α) )

We want    in order for  to be an unbiased estimate of .IÐ-] Ñ œ -IÐ] Ñ œ %!!- œ -]) ) )

It follows that    so that   .        Answer:  A%!!- œ " - œ œ Þ!!#&"
%!!
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5.  The estimated first and second moments are  #ß!!!"(ß!!!#("ß!!!"!ß!!!
% œ (&ß !!!

and    .#ß!!! "(ß!!! #("ß!!! "!ß!!!
%

# # # #

œ ")ß %&)Þ& ‚ "!'

The moment equations for the Pareto distribution are    and)
α" œ (&ß !!!

#
Ð "ÑÐ #Ñ

)
α α

#

œ ")ß %&)Þ& ‚ "!' .

Then,  .#
Ð "ÑÐ #Ñ " (& ‚"! #

# ")ß%&)Þ&‚"! #Ð "Ñ) )
α α α α

α# '

# '‚[ ] œ p œ $Þ#)"&

Solving for  results in   .  Answer:  Cα α œ $Þ&'

6.  The method moments estimator for the exponential distribution mean and the maximum
likelihood estimator for the exponential distribution mean are both equal to the sample mean.
Answer:  C

7.  The significance level of the test is the probability of rejecting  given that  is true.L L! !

This is   . Since  is the sum of 25 independent Poisson random variablesTÐ] Ÿ $l œ !Þ"Ñ ]-

each with mean 0.1, the distribution of  is also Poisson with mean   .] #&ÐÞ"Ñ œ #Þ&

Then, the probability that  given that  is Poisson with mean 3 is] Ÿ $ ]

TÐ] œ !ß "ß # $Ñ œ /  / †  / †  / † œ Þ(&' or  .#Þ& #Þ& #Þ& #Þ&#Þ& #Þ& #Þ&
"x #x $x

# $

Answer:  D

8.  We will reject the null hypothesis if the likelihood ratio, as defined in the problem, is small,
i.e. if    . We want to set this test so that the probability that this inequality is true givenP

P
!

"
Ÿ -

that  is true is .05, i.e.   true  .L TÐ Ÿ -lL Ñ œ Þ!&! !
P
P

!

"

The critical region has an upper limit of  and a lower limit of 0, but the answer key indicates-

that the answer is B. This appears to be a defective question.

9.  The observed and expected number of claims is
    Observed Claims Expected Claims
 Cars    40   50
 Motorcycles   24   20
 Vans    17   15
 Trucks    19      15 

The Chi-Square statistic is    .Ð%!&!Ñ Ð#%#!Ñ Ð"("&Ñ Ð"*"&Ñ
&! #! "& "&

# # # #

   œ %Þ"$

Answer:  B
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10.  For a sample of size  from a normal distribution with variance ,    has a Chi-8 5# Ð8"ÑW#

#5

Square distribution with    degrees of freedom. Therefore, in this example    has a Chi-8  " "*W
#

#

Square distribution with 19 degrees of freedom.  The 95-th percentile of this distribution is
30.14, so that    , and then   .    Answer:  ETÐ Ÿ $!Þ"%Ñ œ Þ*& T ÐW Ÿ $Þ"(Ñ œ Þ*&"*W

#

#
#

11.  The null hypothesis is rejected at significance level  in the comparison of two variances ifα
Ð7"ÑW

Ð8"ÑW
#
#

"
#  - - "!!Ð"  Ñ J 7 " , where  is the  percentile from the -distribution with  andα

8  " œ Þ!& 7 œ "$ 8 œ "# - œ Þ degrees of freedom. In this case,   and    and  , so  2.79α

The critical region can be written in the form   .         Answer:  EW

W
""
"#

#
#

"
#  † Ð#Þ(*Ñ œ #Þ&'

12. The cdf of the largest order statistic of a sample of size  is  8 J Ð>Ñ œ ÒJ Ð>ÑÓ Þ]
8

8

Therefore,  .J Ð#&ß !!!Ñ œ ÒJ Ð#&ß !!!ÑÓ œ Ò"  Ð Ñ Ó œ Þ%&(]
& "Þ# &&!!!

#&ß!!!&

Then,   .        Answer:  ETÐ]  #&ß !!!Ñ œ "  J Ð#&ß !!!Ñ œ Þ&%$& ]&

13.  An American option on a dividend paying stock has a value at least as large as a European
option. An American option increases in value as the time to maturity increases. The lower the
strike price, the higher the value of a call option. All of these factors result in Option D being the
one with the highest value.  Answer: D

14.   According to put-call parity, the price of the put should be
Call price PV of Strike price Prepaid forward stock price . 

The prepaid forward price is the current stock price minus the present value of dividends at the
risk free rate, which is   .%&  "Þ&/ œ %$Þ&(Þ!&

The price of the put is   .        Answer:  D&Þ&!  %(/  %$Þ&( œ %Þ%'#ÐÞ!&Ñ
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15. Using put/call parity, we have
Call price PV of Strike price Prepaid forward asset price . 

If the risk free rate on euros is  per year, then the prepaid nine-month forward price$

on a euro is   .  Then"Þ#/Þ(&$

!Þ") œ !Þ!'  "Þ$!/  "Þ#/Þ(&ÐÞ!(Ñ Þ(&$  .
Solving for  results in   .  Answer:  D$ $ œ Þ!**(

16.  The options expire in .5 years. From put/call parity, we get
T œ G  )#/  )!)# )#

Þ&ÐÞ!$Ñ  .
The net cost of buying 100 calls and selling 100 puts is
"!!ÐG  T Ñ œ "!!Ð)!  )#/ œ  ((Þ*#)# )#

Þ!"&  .  Answer:  A

17.  The delta for a call option is the increase in option price that occurs if the stock price
increases by one dollar. In the binomial model, the delta is  , where  is the/ † 2$ G G

?W.W
? . $

dividend rate,  is the current stock price,  and  are the proportional up and down moves forW ? .

the stock price in one period, and  and  are the call option values at the end of the period ifG G? .

the stock goes up or down, respectively. In this case,  W œ "!! ß ? œ "Þ#! ß . œ Þ*! ß œ !$

and   (strike price of 105) and  . The delta is   . The increase inG œ "& G œ ! œ Þ&? .
"&!

"#!*!

option price is 0.50 if the stock price increases by 1.00.  Answer:  C

The tree of stock prices is
    Time 0 .5    1  
       112.5
           0
      90
       0
       72  76.5 
       8    3.5
       61.2
      18.8
       52.02
       27.98
The tree also includes put prices at time 1, and exercise put prices at the earlier nodes.
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The risk neutral probability of an upward movement in stock price in a half-year period is
/ Þ)&
"Þ#&Þ)&

Þ!#&

œ Þ%$)#)) . The backward induction in the tree results in a put option value
at node "90" of  . Since this is greater than the exercise value, the$Þ&/ Ð"  Þ%$)#))Ñ œ "Þ*#Þ!#&

option will not be exercised at that node, and the option value is 1.92 at node "90". The
backward induction value at node "61.2" is Ò$Þ&ÐÞ%$)#))Ñ  #(Þ*)Ð"  Þ%$)#))ÑÓ/ œ "'Þ)#Þ!#&

. Since this is less than the exercise value, the option would be exercised at node "61.2" for a
payoff
of 18.8. The backward induction value at node "72" is
Ò"Þ*#ÐÞ%$)#))Ñ  ")Þ)Ð"  Þ%$)#))ÑÓ/ œ ""Þ"#Þ!#&  .  Since this is greater than the exercise
value at node "72", this is option price.   Answer:  E

19.  The proportional increase in one period of length  is2

? œ / œ / œ "Þ!))("(<2 2 ÞÞ!%ÐÞ#&ÑÞ"& Þ#&5È È  ,
and the proportional decrease in one period is
. œ / œ / œ Þ*$(!'(<2 2 Þ!%ÐÞ#&ÑÞ"& Þ#&5È È  .
The risk neutral probability of an increase in one period is   ./ .

?.

<2

œ Þ%)"#'

The stock price in 3 months will be either   and the option value"!Ð"Þ!))("(Ñ œ "!Þ)*

will be .39, or the stock price will be   and the option value will be 0."!ÐÞ*$(!'(Ñ œ *Þ$(

The option price now is   .  Answer:  BÐÞ$*ÑÐÞ%)"#'Ñ/ œ Þ"*Þ!%ÐÞ#&Ñ

20.  Answer:  B

21.  The Black-Scholes formula for the currency call option is  .B/ RÐ. Ñ  O/ RÐ. Ñ< X <X
" #

J

In this example,   ,B œ !Þ)# ß < œ Þ!#& ß X œ " ß O œ !Þ)! ß < œ Þ!& ß œ !Þ"!J 5

. œ œ Þ&& ß . œ .  X œ Þ%&" # "
68ÐBÎOÑÐ<<  ÑX

X

0
"
#

#5

5È 5È  .

Then   , and the option price for a one-euro call isRÐ. Ñ œ Þ(!)) ß RÐ. Ñ œ Þ'($'" #

Þ)#/ ÐÞ(!))Ñ  Þ)/ ÐÞ'($'Ñ œ Þ!&%$Þ!#& Þ!&  .
For 850 options, the option price will be   .        Answer:  E)&!ÐÞ!&%$Ñ œ %'
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22.  The call option elasticity is   , where  is the stock price,  is the call option price andW
G
? W G

? is the option delta. We are given  . From the Black-Scholes formula,W œ #&

G œ W/ RÐ. Ñ  O/ RÐ. Ñ œ / RÐ. Ñ X <X  X
" # "

$ $  ,  and    .?

From the given values, we have  . œ œ Þ&!%"
68ÐWÎOÑÐ<  ÑX

X

$ 5

5

"
#

#

È
and   .. œ .  X œ Þ$!%# " 5È
Then    and    .? œ RÐÞ&!%Ñ œ Þ'*"& G œ #&RÐÞ&!%Ñ  #%/ RÐÞ$!%Ñ œ $Þ!%Þ!%

The elasticity is   .   Answer:  B#&ÐÞ'*"&Ñ
$Þ!% œ &Þ(

23.  According to the binomial model, for one period   ,? œ / œ /Ð< Ñ2 2 Þ!&$ 5 5È
and   . We are told that   , which implies that  .. œ / œ /  Þ!& .  "Ð< Ñ2 2 Þ!&$ 5 5È

5

Therefore, the call option value if the stock price goes down is   . The call option price atG œ !.

time 0 is    , where   ./ Ò: G œ Ð"  : ÑG Ó : œ<2 ‡ ‡ ‡
? .

/ .
?.

Ð< Ñ2 2$ 5È

We wish to find .5
In this example,   and  : œ œ œ œ ß G œ "!Ð/  "ÑÞ‡ Þ!&

?
/ / "/ / " "

/ / / / / " / "

Þ!& Þ!& 

Þ!& Þ!&  #

5 5 5

5 5 5 5 5 5
5

Then,   .Þ*'%& œ / ÒÐ Ñ"!Ð/  "Ñ  !ÓÞ!& Þ!&"
/ "5

5

Solving for  results in   , and   .        Answer:  B/ / œ "Þ"'") œ Þ"&5 5 5

24.  The initial portfolio has delta of   (and a gamma of ).Ð"!!ÑÐ  Þ!&Ñ  & œ ! "!!ÐÞ#&Ñ œ #&

In order to have a gamma neutral portfolio, the number of put-35 options that need to be written
for each put-40 option held is   , so the number of put options with strike price 35>

>
%!

$&
œ œ Þ&Þ#&

Þ&!

that should be written is . The portfolio now has a gamma of 0 and a delta of"!!ÐÞ&Ñ œ &!

 &!Ð  Þ"!Ñ œ & . In order to reduce delta to 0, 5 shares should be sold, and this has no effect
on gamma.  Writing 50 puts at strike price 35 and selling 5 shares will delta-gamma-neutralize
the portfolio.   Answer:  E

25.  The actuarial present value of the insurance payment is   .*&!ß !!! ‚ Þ# ‚ / œ ")(ß '%!Þ!&Î%

Answer:  B
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26.  A) False (page 445 of text).
B) True (page 449) and False (page 450 - Rebate options)
C) True (page 457 - pricing a gap option requires a modification of Black-Scholes)
and False (page 457 - pricing a gap option is obtained by (a simple modification of) Black-
Scholes).
D) False (page 454).
E) False (page 444).
The original answer key gave B as the correct answer. This question might be judged defective.  
Answer:  B or C

27.  The geometric average of the 6 month-end stock prices is
Ð"Þ#( ‚ %Þ"" ‚ &Þ"! ‚ &Þ&! ‚ &Þ"$ ‚ %Þ(!Ñ œ $Þ*!"Î'  .
Since this geometric average is higher than the strike price, the payoff is
$Þ*!  $Þ& œ Þ%! .  Answer:  B

28.  The risk neutral probabilities of up and down movement in the stock price are
%!/ $$Þ#!
&!Þ)!$$Þ#!

Þ!#&

œ Þ%%$* "  Þ%%$* œ Þ&&'"  and   .
The binomial tree of values for the underlying American put option is
          Today 6 months 12 months
           0
   0.46   
 5.51        0.84
   9.80(exercise early)
         15.44  
At the end of 6 months is the value of the CallOnPut option with strike price 3 is 0 if the stock
went up and 6.80 if the stock went down. The value at time 0 of the CallOnPut is
/ Ð'Þ)!ÑÐÞ&&'"Ñ œ $Þ'*Þ!#&  .   Answer:  C

29.  The Sharpe ratio for an asset is the ratio of risk premium to volatility. For a call option, the
Sharpe ratio is   , where  is the return on the stock,  is the risk-free rate and  is theα

5
< α 5<

volatility. This is   .        Answer:  BÞ!)Þ!%
Þ#& œ Þ"'
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30.   .$ # ! !
$ $ # $*5: œ /B:Ò  Ð#  >Ñ .>Ó œ /B:Ò  5Ð#  >Ñ .>Ó œ / œ Þ$"!$(' '.

Then   .#l # # # $ #; œ :  :

# # !
# # &'5Î$ $*5 &'ÎÐ$‚$*Ñ &'Î""(: œ /B:Ò  5Ð#  >Ñ .>Ó œ / œ Ð/ Ñ œ ÐÞ$"!$(Ñ œ Þ&("#" Þ'

#l #; œ œ Þ&("#"  Þ$"!$( œ Þ#'!)% .  Answer:  D

31.   .=ÐB  ?  @Ñ œ : œ : † : œ =ÐB  ?Ñ † :B?@ ! B? ! @ B? @ B?

Also,   , so that   , and  .=ÐB  ?Ñ œ : œ : † : Þ(! œ ÐÞ(&Ñ : : œB? ! B ! ? B ? B ? B
Þ(
Þ(&

Also,   , so that   and  .?l@ B ? B @ B? @ B? @ B?; œ : Ð"  : Ñ Þ!% œ Ð ÑÐ"  : Ñ : œ " Þ(
Þ(& Þ(

ÐÞ!%ÑÐÞ(&Ñ

Finally,   .       Answer:  B=ÐB  ?  @Ñ œ =ÐB  ?Ñ † : œ ÐÞ(ÑÒ"  Ó œ Þ'(@ B?
ÐÞ!%ÑÐÞ(&Ñ

Þ(

CAS Answer Key lists the answer as C.

32.    . From UDD,  ,!Þ& %&Þ(& %&Þ(& %& %& %': œ j œ j  Þ(&Ðj  j Ñ œ *#&j
j
%'Þ#&

%&Þ(&

and    .  Then,   .   Answer:  Aj œ j  Þ#&Ðj  j Ñ œ )&! : œ œ Þ*"*%'Þ#& %' %' %( !Þ& %&Þ(&
)&!
*#&

33.   ,/ œ /  /  / œ Ð:  : Ñ  Ð:  : Ñ  Ð:  : ÑBCÀ#l BÀ#l CÀ#l BCÀ#l B # C # BC #B C BC

and from independence, we have    and   .: œ : † : : œ : † :BC B C # BC # B # C

We are given   , and    so that  !l "lB B B B B" B"; œ ; œ Þ# ; œ Þ# œ : † ; ; œ œ Þ#&#
Þ)

and  . Also,    and   .: œ Þ(& : œ Þ( : œ ÐÞ(ÑÐÞ*"Ñ œ Þ'$(B" C # C

Then,    ./ œ ÒÞ)  ÐÞ)ÑÐÞ(&ÑÓ  ÐÞ(  Þ'$(Ñ  ÒÐÞ)ÑÐÞ(Ñ  ÐÞ)ÑÐÞ(&ÑÐÞ'$(ÑÓ œ "Þ(*BCÀ#l

Answer: A

34.  Each battery lifetime follows DeMoivre's Law with  .= œ "!!

Currently, the time until failure is represented by the joint life status of the two batteries, so the
expected time until failure is
/ œ : .> œ : : .> œ Ð"  Þ!">ÑÐ"  Þ!">Ñ .> œ°  .!À! > !À! > ! > !! ! !

"!! "!! "!!' ' ' "!!
$

After reconfiguration, the time until failure is represented by the last survivor status of the two
batteries, so the expected time of failure is
/ œ /  /  / œ # ‚ : .>  œ # ‚ Ð"  Þ!">Ñ .> ° ° ° °
!À! ! ! !À! > !! !

"!! "!!' '"!! "!!
$ $

œ #Ð&!Ñ  Ð"  Þ!">Ñ œ'
!
"!! #!!

$  .
The increase in average time until failure is  .  Answer:  D"!!

$
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35.  j œ j † : œ j † : † : œ j † Ð"  ; Ñ † Ð"  : Ñ&(
Ð Ñ Ð Ñ Ð Ñ Ð Ñ Ð Ñ Ð Ñ Ð Ñ Ð Ñ Ð Ñ

&& && && && &' && && &'#
7 7 7 7 7 7 7 7 7

œ j † Ð"  ;  ; Ñ † Ð"  ;  ; Ñ&& && && &' &'
Ð Ñ Ð"Ñ Ð#Ñ Ð"Ñ Ð#Ñ7

œ "!!!Ð"  Þ!"  Þ!$ÑÐ"  Þ!#  Þ!%Ñ œ *!#Þ% .        Answer:  D

36.  We are given   , from which it follows that   ,U œ Þ) U œ Þ#! !
ÐT ßT Ñ ÐT ßWÑ

and we are given    . We wish to find   .# ! !
ÐWßWÑ ÐWßT Ñ

U œ Þ%% U

By identifying 2-step paths, we have

# ! ! ! ! !
ÐWßWÑ ÐWßWÑ ÐWßWÑ ÐWßT Ñ ÐT ßWÑ

U œ U † U U † U ,  so that
Þ%% œ Ò"  U Ó †  U † ÐÞ#Ñ! !

ÐWßT Ñ ÐWßT Ñ#  .
This is a quadratic equation in  , and solving the quadratic results inU!

ÐWßT Ñ

U œ Þ% "Þ%  "!
ÐWßT Ñ or  . We ignore the root that is .  Answer:  B

37.  The present value is    .E œ @;  @ ;
&!À#l
" &!

#
"l &!

We have   , so that  # &! &! &! # &!"l; œ ;  ; œ Þ!%  Þ!) œ Þ"# : œ Þ))

and since   , we get   and  Þ)% œ I œ @ : œ Þ))@ @ œ @ œ Þ# &! # &!
# # # Þ)% Þ)%

Þ)) Þ))
É

Then,   .  Answer:  EE œ † ÐÞ!%Ñ  † ÐÞ!)Ñ œ Þ""&%
&!À#l
" É Þ)% Þ)%

Þ)) Þ))

38.  From   , we get   + œ +  I † + "Þ#! œ +  ÐÞ(&ÑÐ"Þ"Ñ   
B 8 B B8BÀ8l BÀ8l

so that   .    Answer:  E+ œ Þ$(&
BÀ8l

39.  We use the retrospective reserve formula      ." #!À"!lZ œ T † 
+
ÞÞ

I I

E
#!À"l #!À"l

" #! " #!

"

In this case   (per $1 of face amount)  ,T œ Þ!$& ß + œ " ß E œ @; œ ÐÞ*'ÑÐÞ!#Ñ œ Þ!"*#
ÞÞ
#!À"l

#!À"l
" #!

and   ." #! #!I œ @: œ ÐÞ*'ÑÐÞ*)Ñ œ Þ*%!)

The reserve is    per $1 of face amount, so thatÐÞ!$&ÑÐ"ÑÎÐÞ*%!)Ñ  Þ!"*#ÎÞ*%!) œ Þ!"')

reserve on a policy of $100 is  1.68.  Answer:  D
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40.  The cash flow at time 1 is 70 with probability   and 0 otherwise, so the actuarialU œ Þ%Ð"ß#Ñ

present value of the time 1 cash flows is   .Ð(!ÑÐÞ%@Ñ œ #&Þ%&

The cash flow at time 2 is
(i) 70 if the transition from time 1 to time 2 is from State 1 to State 2. This happens if the
transition sequence is  1 - 1 - 2, and the probability is   .U † U œ ÐÞ'ÑÐÞ%Ñ œ Þ#%Ð"ß"Ñ Ð"ß#Ñ

(ii) 30 if the transition from time 1 to time 2 is from State 2 to State 1. This happens if the
transition sequence is  1 - 2 - 1, and the probability is   .U † U œ ÐÞ%ÑÐÞ"Ñ œ Þ!%Ð"ß#Ñ Ð#ß"Ñ

(iii) 100 if the transition from time 1 to time 2 is from State 2 to State 3. This happens if the
transition sequence is  1 - 2 - 3, and the probability is   .U † U œ ÐÞ%ÑÐÞ#Ñ œ Þ!)Ð"ß#Ñ Ð#ß$Ñ

The total actuarial present value of the cash flow at time 2 is
ÒÐ(!ÑÐÞ#%Ñ  Ð$!ÑÐÞ!%Ñ  Ð"!!ÑÐÞ!)ÑÓ@ œ #"Þ%*#  .
The total APV of all cash flows in the first two years is    .#&Þ%&  ##"Þ%* œ %'Þ*%

Answer:  C


