MAY 2007 CAS3

SPRING 2007 CAS COURSE 3 SOLUTIONS

1. The number of firesin a 3-day period is Poisson with a mean of % = 1.5. The number of
firesin the 3-day period following the 8-th fire is Poisson with amean of 1.5, so the probability
of no firesin that 3-day periodis e 1% = .223 . Answer: B

2. Thetotal revenue generated in one hour S, has a compound Poisson distribution with Poisson
mean of A\ =3 x 60 = 180 customers per hour. The severity (revenue per customer) X is
Normal with mean ;= 50 and coefficient of variation % = .25,s0that ¢ = 12.5 and

o? = 156.25 . The variance of the total revenue per hour S for this compound Poisson
distributionis Var(S) = AE(X?) .

But E(X?) =Var(X)+[E(X)]? = 0%+ u? = 156.25 + 50% = 2656.25 .

Then, Var(S) = (180)(2656.25) = 478,125 , and the standard deviation of S

is /Var(S) =691.5.  Answer: E

3. According to put-call parity, the price of the put should be

Call price + PV of Strike price — Prepaid forward stock price

= 2.00 4 50e7°093) — 49.70e°(02) = 2,05 ,

Since the put is priced at 2.35, we should be able to sell the put at $2.35

and by a synthetic put for $2.05. The arbitrage profit will be $.30.

The synthetic put can be bought by shorting e =702 shares of stock and receiving
$49.21, and investing 50e (03 = 49.26 (lending) at the risk free rate for 6 months
and buying the call for 2.00, for anet cost of 49.26 + 2.00 — 49.21 = 2.05 .
Answer: B

4. According to put-call parity, the price of the put should be

Call price + PV of Strike price — Prepaid forward stock price.

The prepaid forward stock price is the current stock price minus present value of dividends.
Thisis 29 — .5[[e () 4 e (1] = 28.04 .

Theput priceis 2+ 30e () —28.04 =2.50.  Answer: E

http://www.sambroverman.com  2brove@rogers.com sam@utstat.toronto.edu



MAY 2007 CAS3
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7. The actuarial present valueis

G§| + (afy B awyzg\) + 2 [(al‘ - aat:§|) - (al‘y o amyzg\)] + 5[(aﬂ? - ax:5|) - (al‘y - aatyzg\)]
= 4.465 + (12.478 — 4.387)) + 3[(14.817 — 4.440) — (12.478 — 4.387)]

+1(13.267 — 4.411) — (12478 — 4.387)] = 14.1.  Answer: D

8. Thelossa issueis L(r) =1000Z — 7Y = [1000 + 5]Z — 7 .
Thisfollows from therelationship Y = % for the discrete whole life annuity random
variable Y and the discrete whole insurance random variable 7.

Thevariance of L(r) is

Var[L(m)] = [1000 + 5]* - Var(Z) = [1000 + 5]* - [*As5 — (Ass)?]

= [1000 + 5zggaz)” - [113067 — (.30514)] .

These values are from the Illustrative Table.

The standard deviationis [1000 + 4=5s57] - +/[-13067 — (.30514)?7] .

In order for thisto be less than 250, we must have

[1000 + 5zgea7) - V/[-13067 — (.30514)%] < 250 , sothat 7 < 16.4.  Answer: A
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9. The present value random variable for the total amount paid is
S = 50071 + 500725 + --- 4+ 5002199 , Where each Z; isthe present value random variable for
an insurance of 1 paid at the end of the year of death of a 30-year-old. The Z's are independent
of one another. Wewishto find F' sothat P[S < F| = .85, where S has an (approximate)
normal distribution. The mean and variance of S are

E(S) =100 x 500E(Z) = 100 x 50043, = 5124, and

Var(S) =100 x 500V ar(Z) = 100 x 500% - [2A3y — (A30)?] = 370,196 = (608.4)2.

Then, P[S < F] = P[220 < E512] — g5

E224 isthe 85-th percentile of the standard normal distribution, which is

(from the standard normal table). Then F' = 5757. Answer: C

F-5124
Gos4 — 1:04

10. Since 6 < 'Y; for each i, it must bethe casethat 0 < Minimum[Y7, Ys, Y3, Yy, ..., Y}]
Any of the other answersresult in alikelihood that may be O. Answer: D

11. Thelog of the pdf is In f(x) = in(0 + 1) + flnz , and the derivative with respect to 0 is
&n f(z) = 717 + In . The derivative with respect to 6 of the loglikelihood function is the
sumover the z;'sof 4% In f(x;) . Thisis 4 InL = S[zig + Inay] .

Setting this equal to 0 and solving for 6 resultsin the mle of 6,

0= L 1= 5 —1=397. Answer: E

T Yinz;

T In.92+In.79+In.90+In.65+(n.86

12. I. True. American options have premiums that are greater than or equal to European options.
I1. False. Asthe stock price increases, it isless valuable to exercise the put.

I11. False. For acall, the strike price is the price at which the stock can be purchased if the option
isexercised. A higher strike price makes the option less valuable.

Answer: A

13. A synthetic T-Bill can be created using acall, a put and the stock.

Long T-Bill with present value 80e 2" = Short Call (80) + Long Put (80) + Stock
= —6.70 4+ 1.60 4+ 85.00 = 79.90 .

Therefore, e %" = 99875 ,and r = .005.  Answer: A
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14. Therisk neutral probabilitiesare p* = $5—
and .2436 for adown-step. The option values at time 2 are 26 if the stock priceis 121,

4 if the stock priceis 99, and 0 if the stock price is 81. The expected present value at time 0
using risk neutral probabilitiesis

e 2026 - (p)2+4-2-p*(1 —p*)] =14.79.  Answer: D

3 = .7564 for an up-step,

15. Using the binomial option pricing model in Chapter 10 of the text, we have
= elr=Sro /i (O5=03)E+3\E _ | 1981 and
d= e(7'—6)h—rf h _ (.05—-.035)( % 3\/7 = .8452 .

The risk-neutral probablllty of an increase in the stock pricein the binomial treeis

(rfb\)hid ( 05— 035)( )_ 8452
*x € — :
P= o = T Ti9si-sice = .453. Answer: C

16. The number of shares of stock in the replicating portfoliois

A =e 0. ggu Cdd) where C,, and C; are the values of the option if the stock goes up or down.

C,=6,C,;=0. Sincethedividend rateis 6 = 0, wehave A = % = 429 .

Answer: C

17. We assume no dividends. Based on the given parameter values
r=.05,86=0,0=.35 h=1 wehave u=el-0+ovh — 05435 _ 1 4918
and d = 6(1'—6)h—(r h — ¢:05=35 — 7408 .

. .- . . .. . e'—d _ —.7408
Therisk-neutral probability of anincreasein stock priceis p* = ~— = 14918 —105 = -4134.

At time 2, the nodes in the binomial tree are

35u? = 35(1.4918)? = 77.89, with risk-neutral probability (p*)? = (.4134)? = .171, and
35ud = 35(1.4918)(.7408) = 38.68, with risk-neutral probability 2(p*)(1 — p*) = .485, and
35d? = 35(.7408)% = 19.21 with risk-neutral probability (1 — p*)? = .344.

The option values are 0 at the nodes 35u’and 35ud, and 12.79 at the node 35d>.

The expected present value of the option price at time O is

e 209)[12.79(.344)] = 3.98.  Answer: D
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18. We use a chi-square goodness-of -fit test statistic. The null hypothesisis that the sick days
are uniformly distributed, with an expected number of 24 for each day of the week (one-fifth of
120). The chi-square statistic is

(32;424)2 n (18;424)2 n (18;424)2 n (20;424)2 n (32;424)2 —9.00 .
The statistichas 5 — 1 = 4 degrees of freedom (there was no estimation).

From the chi-sgquare table, we see that 5% of probability isto theright of 9.49 (thisisthe 95-th
percentile) for 4 degrees of freedom. The p-value of the test statistic 9.00 is the probability to the

right of 9.00, which is greater than .05. Answer: E

19. Thetablewould bea4 x 4 grid with 16 entries.

Class 1 Class 2 Class 3 Class 4 Total
1 Vehicle 11 T19 T13 T14 V1
2Vehicles  x9; T99 T93 Tog V2
3Vehicles 3 T39 T33 T34 V3
4Vehicles x4 T4 T43 Tag V4

C1 C2 C3 Cc4 T

Each z;; is the number of policyholders with ¢ vehiclesin Class j.

In adata set, we would know thetotals V'1,V2,V3,V4,C1,C2,C3,C4, and T

Therefore, knowing any 3 entriesin arow, and the row total, means we would know the 4th
entry in the row, and the same goes for a column. We lose one degree of freedom for each row,
and for each column, but because of duplication with arow and column,welose 4 +4—-1=7
degrees of freedom. From the total number of 16 cells, we lose 7 degrees of freedom, for a net
degrees of freedom of 9. Answer: A

20. C = 506_5Tq)(d1) — KG_TT(D(dg) .

Sy =5896,86=.05, K=60,0=.2, r=.06,T=.25,

dy = InS—InK+(r—6+30*)T _ In58.96—1n60+(.06—.05+1(.2)%)(.25)
o/T (2)v/25

dy=dy —o/T = —.10—(.2)1/.25 = .20.

C = 58.96e (P d( — 1) — 60e = P(P)D( — 2)

= 58.96e (%) (.4602) — 60e~"(27)(4207) = 1/93.  Answer: B

= — .10,
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21. P=Ke "T®( —dy) — Spe T ®( —dy) .

K=875,r=.08,8=967,6=0,0=.40,T = .25,
_In9.67—In8.75+(.084+3(.4)*)(.25) _

P =875 ®(B)p( — 5) — 9.67®( —.7)

= 8.75(.9802)(.3085) — 9.67(.242) = .31.  Answer: A

22. The significance level isthe probability of rejecting the null hypothesis given that it istrue.
The Type |l error is the probability of not rejecting the null hypothesis given that it is not true
(given that the aternative is true). The null hypothesis will not be rejected of p is below the
critical value, say c. If the alternative hypothesisis true, then the probability of not rejecting the
o s —.75 —.75 o
null hypothesisis P[p < ¢] = P[z < m] = Plz < G533 - Wearetold that thisis

11.07%. Therefore, <=2 isthe 11.07-percentile of the standard normal distribution, which is

.01732
—1.223. Therefore, <00 = —1.223, sothat ¢ = .7288 .
The level of significanceis P[p > .7288|p = .7] = Plz > —8—T_| = P[» > 1.58] = .06

(.7)(.3)/625
Thiswould be answer E, which is not in agreement with the answer of B given on the exam.

23. The power of thetest isthe probability that H isrejected given that H, istrue.

The significance level is P[% > ¢] = .023 , whichimpliesthat ¢ = 2.0 .

The power of thetestis P[X=10 > 20|y = 75] = .5 .

This probability can be written as P[% > 2.0 — \/ﬁﬁm =75 =.5,

which impliesthat 2.0 — W =0,s0that n = 16.

To raise the power to 90%, we need P[fl‘T% > 2.0l ="75]=.9

which can be written as P[% > 2.0 — \/ﬁm =75 =.9.

Thisimpliesthat 2.0 — ——— = — 1.28, sothat n > 43.03 , so we need 44 sample values.

V100/n
Thiswould require 44 — 16 = 28 more sample values. Answer: D

24. This probability is /350,25 = % =.00196 . Answer: B
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25. T'(xy) isthetime until failure of the joint life status. The joint status has survival probability
tDey = tPx 1Py = (1 —.018)% . Then

0 100 100
E[T(zy)] = ey = Jo tPrydt = Jo(

(1-.01¢)% |#=100

0|, =3333.

1—.01t)%dt =

The second moment of T'(zy) is

E[T( = [ ip, dt = [;20(1 — .01¢)2 dt
1002t(1 — .02t +.0001¢2) dt = 2" (t — .02t 4 .0001¢%) dt = 1666.67 .

Thevariance of T'(zy) is 1666.67 — (33.33)? = 556 . Answer: A

100

26. Cov[T'(zy), T(7y)] = E[T(zy) - T(zy)] — E{T (zy)] - E[T(7y)] -
We know that E[T(z)] = 5 and E[T(y)]

tDey = tDy - 1Dy = € M- e”
E[T(zy) - T(zy)] = E{T(x)T(y)] = E[T(2)] - E[T(y)] =
(thisistrue since one of T'(xy) and T'(zy) isT(x) and the other
Also, E[T(zy)] = E[T(x)] + E[T(y)] - E[T(xy)] = & + 5 — 515
Then,

Cov[T(zy), T(7y)]

~ 3= (N

~3t|~
— o=

E[T(zy) - T(zy)] — E{T(zy)] - E[T(zy)]
1 L):L (atp)y’—ap 1

Ta T atp

ap aploatp)? T (atp)?

=~ |

27. 4d$) = dP +d§) +d$) +dy .

) = e() g2 =1000(.2) = 200 .

dig = fm abe = 5 - PF - gty = 1000(.75)(:3) =
o = ) =)ol o = 100007 > — 180.
0 =1 a = 3ol o = 1000075)(6) (45)(5) = 101.25.
42 =200 + 225 + 180 + 101.25 = 706.25.  Answer: B

28. The subject must transition from State 2 at time O to State 3 at time 2 and then transition to
State 1 at time 3. Thisis QQSQ’?’) . Qgg’l) . The matrix @,, isthe transition matrix from time

n — 1 totime n (which is not the same as the notation used in the study note; the study note
would denote this matrix Q,,_1). Q" = .25 isfound from the matrix Qs .

Q' isthe 2-3 entry in the matrix product Q; x Q. . Thiswill be

2QyY = (:35)(:25) + (:50)(:20) + (.15)(.40) = .2475 .
The probability in question is Q023 Q231 = (.2475)(.25) = .061875 . Answer: B
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29. Thet-dtatistic for testing for a one-sided test of the equality of the means of two normal

distributions with equal but unknown variancesis t = % )
5p\/ x T ay
where 52 = (XL * (ny=1)s7
p nx+ny—2 )
Wearegiven 7 =10, s3 =4, nx = 11,7 =9, s> =12, ny = 11.
2 — W=DA+AI-1)12) g gy 9710 g9g

P 11+11-2 \/g %Jrﬁ
The t-statistic has nx + ny — 2 = 20 degrees of freedom in the ¢-distribution. The critical
value for aone-sided test with significance level .05is T" = 1.725 (found from the ¢-table with
0.1 areain both tails, so asto have .05 areain one tail). The absolute differenceis

it —T|=|— .829 — 1.725| = 2.554 .
Thisisanswer E, which is not the answer of C indicated on the exam.

30. Thetest statistic for the comparison of the variances of two normal distributionsis

== = % . Thecritical value for aone-sided test is found in the F'-distribution table with

nxy —1 =7 and ny — 1 = 8 degrees of freedom. With significance level .05, the critical value
is F' = 3.50 . The absolute differenceis |f — F| = |19#6 —3.50] = 1.72 . Thisisanswer C. The
exam indicated that the answer isA.

3l R?=1- %—Eﬁ where T'SS = total sum of squares = X(y; — 7)* = Xy? — ny?.
For thisdataset, 7 = 13 andn =5,s0 T'SS = 34.

ESS = error sum of squares = X(y; — 7;)?

= (10— 9.6)*+ -+ + (17— 16.4)> = 5.1 .

R2:1—%:.85. Answer: D

32. In order to delta-hedge his position, the market maker buys 10, 000A shares.
From the given information, A = e *" N (d;) = e~97(.5793) = .5401 .

The market maker buys 5,401 shares of stock.

The market maker loses 100 x 56.08 = 5608 asaresult of the option price change
("one option" refers to a contract of an option on 100 shares). The market maker gains
5401 asaresult of the $1 increase in his 5401 shares. The net profit is

5401 — 5608 = — 207 . Answer: C
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33. I. Fase. Thevalue of awritten cal is proportional in gammato the square of the price
change. If the gamma of acall is positive, then awritten call will lose money.

I1. True. Negative thetaindicatesthat a call becomes less valuable as time progresses. The call
option writer benefits as the value of the call decreases.

[11. False. A market maker hedges a put by selling stock.

Il only is not an answer choice. The answer indicated on the exam is D.

34. The combination of a down-and-in call option and a down-and-out call option, each with
strike price K, isan ordinary call with strike price K. Thisis true because the combination
eliminates the uncertainty regarding whether or not the stock crosses the down barrier.
Therefore, the price of an ordinary call with strike price K is 25 + 30 = 55.

The same logic applies to the combination of and up-and-out call and an up-and-in call with the
same strike price K. They combine to be an ordinary call with strike price K, so the price of an
ordinary call with strike price K is 15 4+ X. Since all strike prices of the barrier options are the
same, it must be truethat 15 4+ X = 55, sothat X = 40. Answer: E

35. There appearsto be atypographical error in the expression for S(t). The o Z(t) factor
should also be in the exponent. If so, the following solution applies. Asit stands, the question
has an error in the statement.

According to Ito'sLemma, if C'isafunction of S and ¢, and S(t) follows geometric Brownian
motion of the form given in thefirst bullet of the problem, then

dC = [(a—8) S(t) £C + 30> L, C + L O)dt + oS LCdZ .

Since C' =S, itfollowsthat £C =1,and £,S =0 and £C =0.

Then, dC = [(a— ) S]dt + 0SS dZ.

Thisisanswer B, whenwecancel — 1025(t)dt with $62S(t)dt.  Answer: B

36. This problem has a couple of errors (besides the misspelling of Vasicek).

The Vasicek model has parameters a, b, r, o. Perhaps the "r" in the text looks like the Greek
letter ~, and that may account for the problem using v instead of r. This question is fashioned
after the calculations in Table 24.1 on page 786 of the McDonald textbook. The intention of this
question wasto find a(b —r) = .15(.10 — .05) = .0075, which is the approximate expected
rate of change in the interest rate per unit time. The question asks for the "expected change in the
interest rate”, which would be a(b — r) dt (sincethe E[dz] factor would be O for the Gaussian
process z). The exam gives the answer as E, consistent with the numerical value of .0075, but the
problem seems to be defective.
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37. According to the Black-Derman-Toy model, the yield volatility at time h at a particular node

h,T, u .
(ZghiT:d%] , where y(h,T,r,) and y(h,T,rq) aretheyieldsto

maturity at the upper and lower nodes of the branch. The bond originally matured in 3 years, so
at time 1, there are till 2 years remaining until maturity. The upper branch at time 1 has bond
price .8133, which has an annualized yield for the two remaining years that is

(g133) Y2 — 1 = .1089.

The lower branch has annualized yield (g5-)"/? — 1 = .0823.

Theyield volatility is .5+ In(:5g53) =.140.  Answer: B

in the binomial treeis 0.5 x in|

Ay
38. Theretrospective form of thereserveis 5Vy,a5 = Pyap; - S10.5 — 52—042' :
Wearegiven A, _ . = 0.060 and 5E4 = 0.694, and 5 = M = 6.261 .
J - — A4om . 4020\+20E40 — 03571
40201 ™ dygap 40,735 ' '
060 _ .
Then, 5V, 55 = (.03571)(6.261) — <57 = 1371 . Answer: C

39. The second bullet point indicates that the survival model follows DeMoivre's Law

with w = 100. Under this law, continuous whole life insurance values have the form

A, = -1 -G, Where @— = 1% and ¢ = In(1+ i) istheforce of interest.
We usethereserveform ,V(4,) = Aosi_de

—A,
(A Ass—Ass
Then, 20V(A35) = 1_723; .

. — _ 05
From DeMoivre's Law, we have Ass = 155555 - Tigo35) = % AT — 3021,

100—35 In(1.05)
1ot

Then, 20V (Ag;) = % — .147.  Answer: A
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40. Thedriver starts out as Preferred. The only possible cost at the end of the first year is 20 and
thisoccursif the driver transfers from Preferred to Standard. That probability is.3, found in Q.
The actuarial present value of thefirst year end transition cost is 20v(.3) = 5.71 .

The possible transition costs at the end of the second year are 20 and 10.

20 occursif the transition isfrom P to S at the end of the 2nd year, which has probability
(.7)(.2) = .14 (path P-P-S).

10 occursif the transition isfrom Sto P at the end of the 2nd year, which has probability
(.3)(.2) = .06 (path P-S-P).

The APV of 2nd year end transition costsis [(20)(.14) + (10)(.06)]v? = 3.08 .

The possible transition costs at the end of the third year are 20 and 10.

20 occursiif the transition isfrom P to S at the end of the 3rd year, which has probability
QPP (1) = [(7)(.8) + (:3)(.2)](.1) = .062 (paths P-P-P-S and P-S-P-S).

10 occursif the transition isfrom Sto P at the end of the 3rd year, which has probability
QT (2) = [(7)(.2) + (:3)(.8)](:2) = .076 (paths P-P-S-Pand P-S-S-P) .

The APV of 3rd year end transition costsis [(20)(.062) + (10)(.076)]v* = 1.73 .

Thetota APV is 5.71 4+ 3.08 +1.73 = 10.52. Answer: D
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