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SPRING 2008 CAS COURSE 3L SOLUTIONS

1.  Let  be the number of customers who buy a policy. We want the probability  .O TÐO   &'Ñ

With the integer correction this becomes  .TÐO   &&Þ&Ñ

To apply the central limit theorem we need    and   .IÐOÑ Z +<ÐOÑ

O 8 œ &!! ; œ Þ"! has a binomial distribution with    and   (success probability).
Therefore,    and   .IÐOÑ œ &!!ÐÞ"Ñ œ &! Z +<ÐOÑ œ &!!ÐÞ"ÑÐÞ*Ñ œ %&

Then,  TÐO   &&Þ&Ñ œ TÐ   Ñ œ TÐ^   Þ)#Ñ œ "  ÐÞ)#Ñ œ "  Þ(*$* œ Þ#!'"Þ
O&! &&Þ&&!

%& %&È È F

Answer:  B

2. I. False.   .IÐ Ñ œ IÐ&ß !!!8ÎÐ8  "ÑÑ œ &!!!8ÎÐ8  "Ñ Á &!!! œs) )8

II. True.         as  ,l  l œ l&!!!  &!!!8ÎÐ8  "Ñl œ &!!!ÎÐ8  "Ñ p ! 8p∞s) )8

so that if  , then    when  is large.$ ) ) $ $ ! TÐl  l  Ñ œ TÐ  Ñ œ " 8s
8

&!!!
8"

Therefore,     for any  , which means that the estimatorlim
8Ä∞

8TÐl  l  Ñ œ "  !s) ) $ $

is consistent.

III. True.   .QWIÐ Ñ œ IÒÐ  Ñ Ó œ IÒÐ  &!!!Ñ Ó œ #!'ß '"#s s) ) )"! "!
# #&!!!Ð"!Ñ

""

Answer:  D

3.  If  has an inverse exponential distribution parameter , then   has an exponential\ ] œ) "
\

distribution with mean . We transform the given inverse exponential data set of sample 's to"
) B

sample 's with   .  So      is a sample from an exponentialC C œ ß ß ß"
B

" " " "
)!!! "!ß!!! "#ß!!! "&ß!!!

distribution with mean . The mle of  is    ."
)

"   

%)

" " " "
)!!! "!ß!!! "#ß!!! "&ß!!! œ Þ!!!!*$(&

The mle of  is   .     Answer:  C) "
Þ!!!!*$(& œ "!ß ''(

4.  Assuming that   , we have- œ Þ%

T Ð Ñ œ / œ Þ'(!$# T Ð Ñ œ Þ%/ œ Þ#')"$No Claims   ,  One Claims   ,Þ% Þ%

and  Two or More Claims  .TÐ Ñ œ "  ÐÞ'(!$#  Þ#')"$Ñ œ Þ!'"&&

Out of 100 insureds, based on the null hypothesis, the expected number of insureds with no
claims is    , the expected number with one claim is 26.81, and the expected"!!ÐÞ'(!$#Ñ œ '(Þ!$

number of insureds with 2 two or more claims is 6.16. The chi square statistic is
Ð'(Þ!$(%Ñ Ð#'Þ)""'Ñ Ð'Þ"'"!Ñ#

'(Þ!$ #'Þ)" 'Þ"'

# # #

  œ (Þ& . Answer:  D
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5.  The probability of Type I error is the probability of rejecting  when it is true.L!

This is   . We are told that this is .025. Since  is normal, we haveTÐ\  5l œ "Ñ \.

TÐ\  5l œ "Ñ œ TÐ  l œ "Ñ œ "  Ð Ñ œ Þ!#&. . F\" 5" 5"
"Þ& "Þ& "Þ&  .

It follows that   , and therefore,   .5"
"Þ& œ "Þ*' 5 œ $Þ*%

The probability of Type II error is the probability of not rejecting  when  is true.L L! "

This is  TÐ\ Ÿ 5l œ &Ñ œ TÐ Ÿ l œ &Ñ œ Ð  Þ("Ñ œ "  ÐÞ("Ñ. . F F\& $Þ*%&
"Þ& "Þ&

œ "  Þ('"" œ Þ#%  .  Answer:  C

6.  The standard deviation of the sample mean is   sample standard deviationÈ#&
œ "'!!

The test statistic is   .l l œ "Þ)(&
%#ß!!!%&ß!!!

"'!!

Since this is a 2-sided test, we must consider both tails as the rejection region.
From the -table with 24 degrees of freedom, we see that  > T Ðl>l  "Þ(""Ñ œ Þ"

and   .  Since the test statistic is between 1.711 and 2.064,TÐl>l  #Þ!'%Ñ œ Þ!&

the result of the test would be to reject at the 10% level but not reject at the 5% level.
(Thanks to Abe Weishaus for reminding me that the -distribution is appropriate here).>

Answer:  D

7.  The probability of an individual claim exceeding 300 is   .(!!$!! )
(!!&! "$œ

The number of claims  exceeding 300 in a random sample of 3 claims has a binomialR

distribution with    and   . The probability of no more than two claims exceeding8 œ $ ; œ )
"$

300 is  .TÐR Ÿ #Ñ œ "  TÐR œ $Ñ œ "  œ Þ((Ð Ñ)
"$

$

(Thanks to nittanylions on the  actuarial outpost for pointing out an error in the original solution
I posted).        Answer:  E



SPRING 2008 CAS 3L

http://www.sambroverman.com     2brove@rogers.com     sam@utstat.toronto.edu

8.  The larger claim is  ( ), the second order statistic of a sample of  .] 5  # 8 œ ##

The pdf of  is    .] ÒJ ÐCÑÓ Ò"  JÐCÑÓ 0ÐCÑ#
#" ###x

Ð#"ÑxÐ##Ñx

For the exponential distribution with mean 1000,   and0ÐCÑ œ Þ!!"/Þ!!"C

J ÐCÑ œ "  / ] #Ð"  / ÑÐÞ!!"/ ÑÞ!!"C Þ!!"C Þ!!"C
#, so that the pdf of  is .

The mean of  is]#'
!
∞ Þ!!"C Þ!!"CC † #Ð"  / ÑÐÞ!!"/ Ñ .C

œ Ð# ‚ Þ!!"C/  Þ!!#C/ Ñ .C œ # ‚  œ "&!!'
!
∞ Þ!!"C Þ!!#C " "

Þ!!" Þ!!# .
The integral is 2 times the mean of an exponential with mean 1000 minus the mean of an
exponential with mean 500.  Alternatively, we could use the rule   '

!
∞ 5 +>> / .> œ 5x

+5"

Answer:  C

9.  The regression line is    and the residual at  is   .] œ  \ \ œ ]  ]s ss s sα " %3 3 3 3

The residual at 6.39 will be .\ œ %#(Þ(&  ] œ %#(Þ(&  Ð  $%Þ& ‚ 'Þ$*Ñs s$ $ α

For a simple linear regression, we have  .  Therefore,] œ  \
 

s sα "
#$&(Þ&& $*Þ!)

& &œ  $%Þ& ‚ œ #!"Þ)&)s sα α , from which we get    .
The residual is    .       Answer:  D%#(Þ(&  Ð#!"Þ)&)  $%Þ& ‚ 'Þ$*Ñ œ &Þ%

10.  Assuming that the number of accidents is independent from one day to another, since the
sum of independent Poisson random variables is Poisson, the distribution of the total number of
accidents in a week  is Poisson with a mean of 20 (sum of the daily means).R

Then   .TÐR œ ")Ñ œ / #!
")x

#! ")

With some clever calculation sequences we can find this probability.
Find   and sequentially multiply by itself and divide by 2, then 3, then 4, etc.#!/"

up to 18. This will result in   , and then multiply that by  to get .084 . Answer:  D/ #!
")x

") ")

/#
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11. The number of calls  received from 9AM to 1PM has a Poisson distribution with a mean of\

$ ‚ $!  "! œ "!! ], and the number of calls received from 1PM to 5PM has a Poisson
distribution with a mean of  . The probability that  exceeds  is# ‚ #&  # ‚ $! œ ""! \ ]

TÐ\  ] Ñ œ TÐ\  ]  !Ñ \  ] "!!  ""! œ  "! \ ].  The mean of   is   and since  and 
are independent, the variance of    is  .  Applying the normal\  ] "!!  ""! œ #"!

approximation, with integer correction, to  , we get[ œ \  ]

TÐ[   Þ&Ñ œ TÐ  Ñ œ "  ÐÞ''Ñ œ "  Þ(%&% œ Þ#&
[Ð"!Ñ Þ&Ð"!Ñ

#"! #"!È È F  .

Answer:  C

12.  The aggregate losses per year  for the insurance company follow a compound PoissonW

distribution with a mean of   (million). Since  has aIÐWÑ œ IÐRÑ ‚ IÐ\Ñ œ # ‚ "! œ #! W

compound Poisson distribution, the variance of  isW

Z +<ÐWÑ œ IÐRÑ ‚ IÐ\ Ñ œ # ‚ Ð# ‚ "! Ñ œ %!!# # # (million ).
The risk load for the company is   (million).Þ" ‚ Ð#!  %!!Ñ œ %È
The risk load per policy is   .    Answer:  A%ß!!!ß!!!

1,000,000 œ %

13.  This is the survival function for the Generalized DeMoivre model. The complete expected
future lifetime is   In this case, that will be    .°/ œ Þ œ %Þ('B

%!$!
"Þ""

=
α
B
"

(Thanks to nittanylions on the  actuarial outpost for pointing out an error in the original solution
I posted).   Answer:  A

14.   .#l# '' # # '''' ') '( ') '*
‡ ‡ ‡ ‡ ‡; œ : † ; œ : † : † Ð"  : † : Ñ

From the given information, we have  : œ Þ*('(" ß''
MX

: œ "  ; œ "  %ÐÞ!#&%%Ñ œ Þ)*)#% ß'( '(
‡ ‡

: œ "  ; œ "  %ÐÞ!#((*Ñ œ Þ))))% ß : œ : œ Þ*('("') ') '*
‡ ‡ ‡

'' and    .
Then    .      Answer:  B#l# ''; œ ÐÞ*('("ÑÐÞ)*)#%ÑÒ"  ÐÞ))))%ÑÐÞ*('("ÑÓ œ Þ""&(
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15.  The force of mortality can be found from the survival function:

.ÐBÑ œ  œ  œ $&B
= ÐBÑ / †Ð$&B Ñ
=ÐBÑ /

w &B '(

&B(
' .

Or we can use  .ÐBÑ œ  68 =ÐBÑ œ  Ð  &B Ñ œ $&B. .
.B .B

( '

(thanks ro Abe Weishaus for suggesting the log approach).   Answer:  B

16.  A general relationship under UDD is that  is linear within each year of age   .jB

In this problem we have
  .    Answer:  DÞ&lÞ& %&Þ#& Þ& %&Þ#& %&Þ#&; œ :  : œ œ œ Þ!'(j j

j *(&
*#&)'!%&Þ(& %'Þ#&

%&Þ#&

17.  The joint survival is   .: œ : ‚ :# À# # #B C B C

The hazard rate is the force of mortality, so    ,: œ / œ / œ /#
 .B  5B .B %#Þ#5

B
# #
$ $

B
%' '-

and    .: œ / œ /#
 5C .C %#Þ#5

B
#
$ %'

If   , we solve for  to get   .: œ : ‚ : œ / ‚ / œ Þ& 5 5 œ Þ!!)#"# À# # #
%#Þ#5 %#Þ#5

B C B C

(Thanks to nittanylions on the  actuarial outpost for pointing out an error in the original solution
I posted). Answer:  A

18.  W Ð=ß >Ñ œ T ÒÐX ÐBÑ  =Ñ ∩ ÐXÐCÑ  >ÑÓ œ T ÒX ÐBÑ  =Ó ‚ T ÒX ÐCÑ  >ÓXÐBÑ X ÐCÑ

(the last equality follows from independence of and ).XÐBÑ X ÐCÑ

T ÒX ÐBÑ  =Ó œ 0ÐDÑ .D œ .D œ' '
= =
∞ ∞ " "

Ð"DÑ "=#  ,

and in a similar way,   .T ÒX ÐCÑ  >Ó œ "
">

Then,   .  Answer:  AW Ð=ß >Ñ œXÐBÑ X ÐCÑ
" "

"= ">‚

19.    and   .; œ "  : : œ /B B B
Ð Ñ Ð Ñ Ð Ñ  Ð>Ñ .>7 7 7 .'

!
"

B
Ð Ñ7

Since  ,. . . . .B B B B B
Ð Ñ Ð"Ñ Ð#Ñ Ð$Ñ Ð%Ñ7

Ð>Ñ œ Ð>Ñ  Ð>Ñ  Ð>Ñ  Ð>Ñ œ œ> $> $>"
"!! "!!

Ð>"Ñ$ # $

we get   and   .' '
! !
" "

B B
Ð Ñ Ð Ñ Þ!$(&.
7 7
Ð>Ñ .> œ .> œ Þ!$(& ; œ "  / œ Þ!$')

Ð>"Ñ
"!!

$

(Thanks to Feif on the actuarial outpost for pointing out an error in the original solution).
Answer:  D
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20.  We wish to find   . We can multiply the matrix by itself and get the 2,2 entry# !
Ð#ß#Ñ

U

as   .        Answer:  D# !
Ð#ß#Ñ

U œ ÐÞ#ÑÐÞ&Ñ  ÐÞ'ÑÐÞ'Ñ  ÐÞ#ÑÐÞ$Ñ œ Þ&#

21.  An exponential survival distribution with mean  corresponds to a constant force of7

mortality of   . Policy A has a constant force of mortality of   .. .œ œ œ Þ#" "
7 &

Assuming that the benefit is paid at the moment of death, with a constant force of mortality we
have    . If the benefit is paid at the end of the year of deathE œ œ œ Þ((%%


B

.
. $ Þ#68Ð"Þ!'Ñ

Þ#

then   .E œ œ Þ(&"$B
"/

"/ 3





.

.

A uniform distribution for survival corresponds to DeMoivre's law. In this case, we have
= œ )! E œ † + œ † + œ Þ(&(*

  .  Under DeMoivre's law,   .B
" "
B )!(!Bl "!l= =

If the benefit is paid at the end of the year of death, the policy price is
  .E œ † + œ † + œ Þ($'!B

" "
B )!(!Bl "!l= =

The absolute difference in continuous policy prices is    and the absolute difference in theÞ!"'&

discrete policy prices is .0153.       Answer:  B

22.  The present value random variable for the benefit is   .^ œ /Þ!$X

The 80th percentile of  is , where   .^ - T Ð^ Ÿ -Ñ œ Þ)

The inequality    is equivalent to   , and equivalent to .^ Ÿ - / Ÿ - X  Þ!$X 68 -
Þ!$

Therefore,   .  If we let     , then   .TÐX   Ñ œ Þ) + œ : œ Þ)68 - 68 -
Þ!$ Þ!$ + B

With constant force .06, we have   .+ B
+ Þ!'+: œ / œ / œ Þ).

We also have   ./ œ Ð/ Ñ œ Ð/ Ñ œ - œ Þ)Þ!'+ + Þ!' Þ!' # 68 -
Þ!$

Therefore,   .        Answer:  E- œ Þ)*%

23.  From the Illustrative Table we have   ."!!!E œ "!#Þ%)$!

The APV of the premiums is   .#B † +  B † +
ÞÞ ÞÞ
$! $!À&l

From the Illustrative Table we have   ,+ œ "&Þ)&'"
ÞÞ
$!

and
+ œ +  @ : + œ +  I +
ÞÞ ÞÞ ÞÞ ÞÞ ÞÞ
$!À&l $! & $! $& $! & $! $&

&

œ "&Þ)&'"  ÐÞ(%!*"ÑÐ"&Þ$*#'Ñ œ %Þ%&"' .
The APV of premiums is    .#BÐ"&Þ)&'"Ñ  B † Ð%Þ%&"'Ñ œ #(Þ#'!'B

Then    , so that    .      Answer:  E#(Þ#'!'B œ "!#Þ%) B œ $Þ('
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24.  The reserve on an endowment insurance can be formulated in annuity form as

   .% $&À&l
"
%Þ#Z œ "  œ "  œ Þ('#

+

+

..

..$&À"l
$&À&l

We are asked for    , but we would need an assumption such as UDD to find the
_

% $&À&lZ ÐE Ñ


continuous reserve.  Answer:  C

25.  Since transitions are at the end of each year, the cash flow is 0 in the first year at time .5.
There will be a cash flow of 30 at time 1.5 with probability , and there will be a cashU œ Þ#&Ð"ß#Ñ

flow of 30 at time 2.5 with probability   .#
Ð"ß#ÑU œ ÐÞ(&ÑÐÞ#&Ñ  ÐÞ#&ÑÐÞ&Ñ œ Þ$"#&

The APV of the cash flows is   .        Answer:  B$!ÒÞ#&@  Þ$"#&@ Ó œ "%Þ*)"Þ& #Þ&


