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1. With constant force of mortality of .02, survival probability is ;p, = e 0% |

Z) = [ e ipy i (t) dt = [7e0% e 05 =02 ((02) dt = 0
E[Z%) = [0t ™" i, ,Ux( )dt et g 160 =02 ((02) dt = L2
Then Var[Z] = & — (3)* = .085. Answer: C

2. Thisisasemicontinuous whole life insurance. The 10th year reserveis
10V (A,;) = Ayiig — P(A,) . Under UDD, 10V (4,) = £ - 19V, -

From the given information, (V, =1 — % =1- g =.25.
Then, \V(A,) = = ln('ll‘l) - (.25) = .262. Answer: C

3. The basic death benefit has APV 100,000 - 522257 = 1,639.34 ; thisisthe APV of a

continuous insurance with constant force of mortality .001 and force of interest .06.
The APV of the additional accidental death benefit is

100 ooof10 =0t i D () dt = 100,000 [ "e =06 ¢—001( 0002) dit

—20- 1260 — 149,72,

The total single benefit premiumis 1,639.34 4+ 149.72 = 1,789 . Answer: C

4. According to Kevin's two-decrement model, the survival probability at age 61 is

() _ G 15— 560
Por = 30 = 700 T 800
61 61

= .7. Thisisthetransition probability from state O (alive) at age

61 to state O at age 62. The only matrix at age 61 with Qé%o) = .7 isD. Answer: D

5. Note that the ) notation used in this question is not consistent with the notation in the Daniel
study note. In the Daniel study note (; denotes the transition matrix fromtimeito: + 1 butin
this question it denotes the transition matrix fromé — 1 to 7.

We see that a speciesthat is either sustainable or endangered at the start of the 4th year will

never become extinct, because the transition probability to extinct is 0. Therefore, aflower that is
endangered at the start of the 1st year can only become extinct in the 1st, 2nd or 3rd year.
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5. continued

We denote the states Sustainable, Endangered and Extinct as states 1, 2 and 3, respectively,
Then 3Q§2’3) isthe probability that aflower endangered at the start of the first year is extinct at
the start of the 4th year, and so thisis the probability of ever becoming extinct.

3Q§2’3) isthe (2,3)-entry of the 3-step transition matrix for the first 3 years.

The 3-step matrix is Q1 x Q2 x Q3 . Since we only want the (2,3)-entry, we will "multiply" the
2nd row of Q1 x Q2 by the 3rd column of Q3 . The second row of @) x Q- is

Q1 X Qo

- - - 9 1 0 - - -
0o .7 .3 x 1 .7 2| = |07 49 44
- - - 0 0 1 - - -

Then, the (2,3) entry of 5Q>¥ is (.07)(0) + (.49)(.1) + (.44)(1) = .489 . Answer: C

6. Suppose the level benefit premiumis Q. The APV of premiumsis Q[1 + v - 1p + v* - 9]
where | p isthe probability of being active at the start of the 2nd year, and »p is the probability of
being active at the start of the 3rd year. ;p = .8. The probability of being active at the start of
the 3rd year is op = (.8)(.8) + (.1)(.1) = .65 (thisisacombination of two cases: (a) active at
the start of the second year and active at the start of the 3rd year, and (b) disabled at the start of
the 2nd year and active at the start of the 3rd year). The APV of premiumsis

Q1+ (.9)(.8) + (.9)%(.65)] = 2.2465Q (notethat v = 1 — d = .9). The probability of dyingin
the 1st year is .1, and the probability of dying in the 2nd year is (.8)(.1) + (.1)(.2) = .1 (be
active at the start of the 2nd year and then die in 2nd year, or be disabled at the start of the 2nd
year and then die in the second year). The probability of dying in the 3rd year is

(.8)2(.1) + (.8)(:1)(-:2) + (.1)(.1)(-1) + (.1)(.7)(.2) = .095 (these are the probabilities of the
combinations

Time: 0 1 2 3 Prob.

State Active Active Active Dead (.8)%(.1)
State Active Active Disabled Dead (.8)(.1)(.2)
State Active Disabled Active Dead (.1)(.1)(.1)
State Active Disabled Disabled Dead (1)(.7)(.2)

The APV of theinsuranceis 100, 000[v(.1) + v*(.1) + v*(.095)] = 24,026 .
To find the annual benefit premium we set APV of premium equal to APV of benefit, so that
2.24650) = 24,026 . Thisresultsin @ = 10,695 .
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7. Because of independence, we can separate the deposit process and the withdrawal process as
two independent processes. The rate per hour at which depositors arriveis 100(.2) = 20, and
the rate per hour of withdrawers arriving is 30. The number of depositors arriving in an 8-hour
day has a Poisson distribution with amean of 8(20) = 160 , and the number of withdrawers
arriving in an 8-hour day has a Poisson distribution with amean of 8(30) = 240.
The total amount deposited in aday has a compound Poisson distribution with Poisson parameter
160, and individual deposit amount (severity distribution) with mean 8000 and standard
deviation 1000. The mean and variance of the total deposit in an 8-hour day is

E[Sp] = E[Np] - E[Xp] = (160)(8000) = 1,280,000 and

Var[Sp] = E[Np] - Var[Xp] + Var[Np] - (E[Xp])? = (160)(1000%) + (160)(8000)>

= 10,400, 000, 000 .

In asimilar way, we get the mean and variance of the total withdrawalsin an 8-hour day:
E[Sw] = E[Nw] - E[Xw] = (240)(5000) = 1,200,000 and

Var[Sw] = E[Nw] - Var[Xw] + Var[Nw] - (E[Xw])? = (240)(2000%) + (240)(5000)?

= 6,960, 000, 000 .
Wewishtofind P[Sy > Sp| using the normal approximation. E[Sy — Sp] = — 80,000,
and since Sy and Sp are independent,

Var[Sw — Sp] = 10,400,000, 000 + 6,960, 000,000 = 17, 360, 000, 000 .

Then, using the normal approximation,

Sy —Sp—(—80,000) 0—(—80,000) ]

PlSw > Sp] = P[Sw — Sp > 0] = P /17,360,000,000 /17,360,000,000
=1—-®(.61)=1—-.7291 = .27 . Answer: A

8. There are a couple of ways to approach this problem. One approach is the convolution
approach to finding the distribution function of the sum of random variables X and Y. If X and
Y are continuous independent non-negative random variables, the
Fxiy(t) = fOth(:c) - Fy(t —x)dx . Inthiscase, X and Y are both exponential with mean 1,
and ¢ = 3, this becomes f03€_x 1 —e B dx = foge_x dx — e_3f031 dx

=1—e3—3e? = .80. Thisisthe probability that the total time until failure of both
batteriesis < 3. The probability that total time until failureis > 3is .20 .
An aternative solution is based on the observation that if X and Y are independent exponential
random variables both with mean 1, then X + Y hasagammadistribution with o = 2 and
0 =1,andthepdf of X + Y is fx y(t)te .

Then P[X +V >3] = [Ftetdt= —te ! — ¢ 003 —4e 3= 20. Answer: D
=
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9. 1000A45 = 1000P45 . 'Ci45:ﬁ‘ + - 15E45 . d(so:ﬁ\

Also, 1000A45 = 1000P;s - d45 = 1000Py; - (d45:ﬁ‘ + 15F5 - d@o) .
1000Py5-dgo
dGO:TE)\ '

From the Illustrative Table, 1000P;; = 2 15r = 14.257 , dgo = 11.1454 , and

Ggo.15) = oo — 15L60 - t7s = tgo — 10L60 - 5E70 - s

— 11.1454 — (.45120)(.60946)(7.2170) = 9.161 .

1000Pys-iigo  (14.257)(11.1454)

0. 5| - 9.161 =173. Answer: B

Therefore, 1000Pys - dgo = - tigy.75 and 7 =

Then © =

10. We use the recursive reserve relationship
(k=1 VAHm) A +3) = (b = £V) - Quyr—1 =V .

AttimeO, oV = 0, and at the time of endowment n, ,,VV = endowment amount = 2000.
For thefirst year (k = 1) , since b; = 1000 + 1V , we have

m(1.08) —1000(.1) =,V ,sothat 1V = 1.087 — 100 .
Then, for the second year , b, = 2000 + 5V, so that

(1.087 — 100 + 7)(1.08) — 2000(.1) = 2000 .
Solving for 7 resultsin © = 1027 .
An alternative approach uses the following general relationship for reserves:

m—1
mV =T 8m = > Qeyr - (14 O (b — £ V)
k=0
With m = 2 for thispolicy, we have b; = 1000 + ;V and b, = 2000 + 5V, so that

2000 = 7 - $5 — [qa(1 + 1) (1000) + go+1(2000)]
= 7(2.2464) — [(.1)(1.08)(1000) + (.1)(2000)] sothat 7 = 1027 . Answer: A

11. Let S denote the aggregate present value random variable of the 250 annuities.
250

Then S =) W;,whereeach W; = 500Y , andY isthe PVRV for alife annuity-due of 1 per
j=1

. 1-A, _ 1-.369131
year. Then E[Y] =i, = —* = 06/1.06 = 11.1454 , and

VarlY] = 5 - PA, — (A,)?] = 12.8445 .
Then, E[W] = 500E[Y] = 5572.7 , Var[W] = 5002 - Var[Y] = 3,211,125 , and
E[S] =250E[W] = 1,393,175 , and from the independence of the lives,

Var[S] = 250V ar[W] = 802, 781,250 .

We want the initial fund amount F' sothat P[S < F] = .90 . Applying the normal
epproximation, weget P s < o) — 2 mreras) = -

From the normal table, we get L3931 g og ,Sothat F' = 1,429,442 . Answer: A
/802,781,250
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12. Under the UDD in multiple table assumption, p) = [p{7 Ja'/ai .
In this problem we have ¢ = 1000 — (60 + 55) = 885 , and
) =885 — (d}) +70) = 750 , 0 thaI ) =65.

750 T 135 65 750
Then, pfﬂ) = S5 ,qfﬂ) s and ¢ 41 = g5 » Sothat p4(1) = [%]65/135 = .923
and q41 = .077. Answer: A

13. Under the generalized DeMoivre model, the force of mortality at age y is w%y , and the

complete expectation at age y is &, = = .

Suppose that the new parameter for « isdenoted o’. Then the new force of mortality at age y is
, whichwearetoldis 2.25 - . Therefore, o/ = 2.25c.

w—

The new complete expectation at purchase (age0)is = +1 ,

woy _ _w—y 1 w-y
Therefore =7 = 55277 = 5 " o751 » SOthat 2.25a+1=2(a+1) .

Solving for o resultsin o = 4. Answer: D

whichwe aretold i is 5 of vy

14. Constant force of mortality 1 is equivalent to 7" having an exponential distribution with
meanl and ;p, =e . Var[T| = % =100,sothat = .1.

E[T/\ 10] = &, = Jyle Mdt = =5 = 6.32. Answer: C

15. APV expense-loaded premium = APV benefit + APV expenses.

G - li,35 = 100,0004, + .1G + .02Ga, 7 + K + 5a, .

15 = li,15 — 1 =10.35

This equation becomes

4669.95(11.35) = 51,481.97 + 4669.95 - [.1 + (.02)(10.35)] + k + 5(15.656) .
Solving for K resultsin K = 10.0. Answer: A
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16. Theevent T'(z) < T'(y) isthesameastheevent [T'(z) < T(y)] N [T(x) # T(y)] -
Therefore, P[T(x) < T(y)] = P[[T(x) < T(y)] N [T(x) # T(y)]]

= P[T(z) < T(y)| T(x) # T(y)] - P[T(2) # T(y)]

= (.6)- P[T(x) < T(y) | T(x) # T(y)] .
Since the joint density fr(,) r(,) = -0005 isthe conditional joint density given that
T(z) # T(y) ,anditisconstant ontherectangle 0 < ¢t < 40,0 < s < 50.
Therefore, the probability P[T(z) < T'(y)|T(x) # T(y)] isequa to
.0005 x (areaof the region of probability) . In the following graph, the shaded region
represents the region of probability 7'(z) < T'(y) .

50

Tly)
Tix)] 40
The area of the shaded region is 2000 — (area of non-shaded region) = 2000 — 800 = 1200 .
The probability becomes (.6)(.0005 x 1200) = .36 . Answer: D

17. Let T' denote the time that the person remembers the statistic. Then the conditional pdf of T’
givenY = yis ye ¥, and the conditional cdf is 1 — e .

v/2
Thepdf of Y is £— = Z ye Y%,

27T
P[T< ]_1—P[T2%] and
= [FXPIT > LY =y fr(y)dy = [;Fe v 1 ye v dy
fo eydy i

(fO ye ¥ dy = 1 sincethisistheintegra of agammapdf with oo = 2,6 = 1).
1 1_3
Then, P[T' < 3]=1-7=71.
Note also that
> 5= [ PIT 2 51V = y]- fr(y)dy = [77e2 - fr(y) dy = My (— 3)
(moment generating function of Y). The mgf of a gamma distribution with parameters o« and ¢

is M(r)=(1-0r),s0 M(—3)=[1-2(-3)]7%=1. Answer: D
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18. For aresident in state 1, let /V;be the number of therapy visits needed in a month.

N7 isamixture of the constant O with probability .8 (no therapy needed) and geometric X; with
mean 2 with probability .2. The first and second moments of a geometric distribution with mean
Bare B and 3+ 23% . Thefirst and second moments of X, are2 and 10. Thefirst and second
momentsof N; are (.2)(2) = .4 and (.2)(10) =2,

so the variance of IV is 1.2 — (.4)2 = 1.84..

An aternative calculation for the variance of Y is based on the following ruleif Y isamixture
of 0 with probability 1 — g and W with probability ¢ The mean of Y is ¢ E[W], and the
variance of Y is ¢E[W?] — (¢E[W))? = qVar[W] + q(1 — q)(E[W])?.

Using thisrulewith Y = N; and W geometric with mean 2,

Var[Ni] = (:2)(2)(1+2) + (.2)(.8)(2)* = 1.84

Inasimilar way, if N, isthe number of therapy visits needed in amonth for aresident in state 2,
then the mean of N, is (.5)(15) = 7.5, and the second momentof Ns is (.5)(465) = 232.5,
and the variance of NV, is 176.25 .

Again, in asimilar way, the mean and second moment of N5 are (.3)(9) = 2.7 and

(.3)(171) = 51.3 , and the variance of N3 is 44.01 .

The mean number of visitsfor all residentsin all statesis

(400)(.4) + (300)(7.5) + (200)(2.7) = 2950 , and because of independence of residents, the
variance of the number of visits needed for all residentsin al statesis

(400)(1.84) + (300)(176.25) + (200)(44.01) = 62,413 .

Applying the normal approximation to N, the total number of visits by all resident, we get

N—2950 3000—2950 3000—2950
P[N > 3000] = P[\/62,413 > \/62,413 ] =1- @(W) =1- @(2) = 42 .

Answer: D

19. Thisis a stop-loss problem where S is the aggregate number of overtime hours worked in the
week and the deductibleis 15. S has a compound distribution with frequency N that is
geometric with mean 2 and severity X that is5 (prob. .2), 10 (prob. .3) or 15 (prob. .5). Note that
S must be amultiple of 5. Wewishtofind E[(S — 15).] . Since the points of probability for S
aremultiplesof 5, weget E[(S —5)] = E[S] — 5[1 — F5(0)] .

Themeanof Sis E[S] = E[N] - E[X] = 2[5(. ) + 10( 3) + 15(.5)] = 28.
Fs(0)=P[S<0]=P[S=0]=P[N=0]= 1+ﬁ 3 L (the only way that 5 = 0 isif

N =0).Then E[(S —5),] =23 — 5[1 — §] = 24.67 .
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19. continued
The next probability point of S is10, sothat E[(S — 10),] = E[(S —5)+] — 5[1 — Fs(5)] .
Fs(5) = P[S < 5] = P[S = 0] + P[S = 5]

=1+ PIN=1] PX=5=3+(3)(2=.238.
Then, E[(S — 10),] = 19.67 — 5[1 — .38] = 21.57 .
The next probability point of S is15, sothat E[(S — 15).] = E[(S — 10),] — 5[1 — Fs(10)] .
Fs(10) = P[S < 5] = P[S = 0] + P[S = 5] + P[S = 10]

= .38+ (P[N =1]- P[X = 10] + P[N = 2] - (P[X = 5])?)

= 38+ [(3)(:3) + (35)(:2)7] = 45.
Then, E[(S — 15),] = 16.57 — 5[1 — .45] = 18.82. Answer: B

20. The annuity present value random variable is a continuous mixture over the force of
mortality. the pdf of yuis f(u) = 4 -

a, =Elag] = E[ECLT\W f01 [@zlp] - f(p)dp = fo12alft' f(p)dp

02 1 02 100 =02 _
= Jo S+p 01 = for 0l+p dp =100 - In(.01 + p) o =40.5. Answer: B
21. For DeMoivre'sLaw, ¢, = “5% . The question doesn't explicitly stateit, but we must

assume that the lives are independent.

w—40(w—40—t)2d _ w—40

o
€40:40 = Jy w—40 3

Note that if two independent lives have the same age x, the joint life status 7'(xx) has force of
failure ji,,(t) = plx +t) + plz+1t) =

Law with o = 2 and the same w. Therefore E[T(:m)] = .

In the same way, €g0.0 = —T@'o .

Then, &g = &a0 + 810 — Eagun = £520 + £510 — w40 _ 2w d0)
and ég50 = €60 + €60 — €o0:60 = w_QGO + W_QGO - w_360 = 2(w§60) :
Therefore, w =3. (w 50 from which we get w = 70 .
Then, éxa5 = 2<703 0 _ k. M ,sothat k=5.

If 2 < y,another representation for éz is [ " [1 —1qx - 1qy) dt .

Thistends to be awkward unless = =y, inwhichitis [;" " [1 — (;¢,)?] dt , and under
DeMoivre's Law thisis [;" " [1 — ( fx)Q] dt

Answer: E
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22. After the moment of the first death, the force of mortality for the survivor is. 1

The value of an insurance of 10,000 based on force of mortality .1 is 10, 000( ;- 1) =7,143.
Thisisthe amount paid at the moment of the first death. Since the force of failure for the joint
life statusis constant at .12, the value of an insurance of 7,143 paid at the moment of the first
death (failure of thejoint life status) is 7,143 - ( ) =5,357. Answer: B

04+ 2

23. Let A bethe event that both are out by round 5, and let B be the event that at |east one of

them participatesin round 3. We areto find P[A|B] = —Pﬁgﬁ

+p: = (.8)" isthe probability that Kevin correctly answers ¢ questionsin arow, and the sameis
true for Kira. P[B] isthe probability that at least oneis participating in round 3, which is
2PEz = 2De + 2P0 — 2Par = 2Px + 2D2 — (202) = (.8)* 4 (.8)% — (.8)* = .8704 .
B isthe event that at |east one participatesin round 3. Thisis the digoint union of
By = both participate in round 3, B, = only Kevin participatesin round 3, and
B3 = only Kira participatesin round 3.
Then P[AN B] = P[AN By]+ P[AN By] + P[AN Bj]
= P[A|B)] - P[Bi] + P[A|By] - P[By) + P[A|Bs) - P[By] .
P[B1] = opse = (.8) = .4096 , P[By] = P[Bs] = aps - 2q. = (.8)? — (.8)* = .2304 .
PIA|IB1] = 24z = (242)* = [1 - (.8)*]* = .1296,
P[A|By] = P[A|By] = 2q, = 1 — (.8)% = .36.
Then, P[AN B] = (.4096)(.1296) + (.2304)(.36) + (.2304)(.36) = .2190 .

Finally, P[A|B] = [ﬁgf] g%gg =.25. Answer: E

24. There will definitely be a payment of 10 now, and there is a possible payment of 20 in 30
years, and a possible payment of 30 in 60 years. Those are the only payments.
Only the first payment isif death is within 30 years, and the first two payments are made if death

is between 30 and 60 years. All three payments are made if death is after 60 years.
10 K (40) <29, prob. 50qs0 = 2
Therefore YV = { 10 + 200*° = 16.166 30 < K (40) < 59, prob. 5o30q40 = 2 .
10 + 200% + 300 = 19.018 K (40) > 60, prob. goqso = 1
Then E[Y]=13.93 and E[Y?] = 206.53 and Var[Y] = 206.60 — (13.93)% =
Answer: E

12.49 .
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25. 1|qz = Do - Gor1 = (.98)(.04) = .0392 ,

2|Qr = 2Ds * Qut2 = (.98)(.96)(.06) = .056448 .

E[Z] = 300vq, + 35002 ;¢ + 4000° 3¢, = 36.829 .

E[Z?] = 300%0%q, + 35020 1|q, + 400205 5q, = 11,772.61 .

Var[Z] =11,772.61 — (36.829)% = 10,416 . Answer: C
El(X—4
26. E[YP] = E[X —4]X > 4] = w

E[(X —4),] = [ (z — 4)(.02z)dz = 2.88 , P(X > 4) = [,".02zdx = .84.

Alternatively, we can find F(t) = [i.02z da = .01¢2,
and E[(X —4),] = [l = F@®)]dt = [,°(1 —.01¢%) dt = 2.88 .
BlYP] =23 =343 . Answer: E

27. If K isadiscrete non-negative integer random variable with probability generating function
Pk (z) ,then P[K = 0] = Pg(0) .

Suppose that N isthe primary distribution (negative binomial) and M isthe secondary
(Poisson), and let K denote the compound claims frequency model. Then the probability
generating function of K is Px(z) = Px(Py(2))) = [1 — 3(e**=D —1)]72.

Then, .067 = Py (0) = [1 — 3(e*®~Y — 1)]72 . Solving this equation for A resultsin A = 3.1.
Answer: E

28. Suppose that X istherisk in 2005. Expected claimsin 2005 is

E[(X = 600),] = E[X] — E[X A600] = 3 — S00[1 — (z52000)] = 2500 .

The premiumin 2005 is Pyy; = (1.2)(2500) = 3000 .

In 2006, therisk is 1.2X . Thiswill be Pareto with o = 2 and 6 = 1.2(3000) = 3600
(the Pareto is a scale distribution with scale parameter 6).

With deductible 600 in 2006, the premium in 2006 is

3600 (3600
Pyos = (1.2)(577 ) (5504 3600) = 3703 -

Suppose that the deductible for the reinsurance is d. Then the reinsurance based on risk X hasa
deductible of 600 + d . The reinsurance premium in 2005 is
Roos = (11) (327 (go0-4+5000) -

2—1/1600+d+3000
We are given than (1.1)(?50_()?)(60032%000)/3000 = .55, sothat d = 2400 .

With areinsurance deductible of 2400 in 2006, we have

3600 3600 .
Rogos = (11)( 51 )(600+2400+3600) = 2160 , and RQOOG/PQOOG = .583 . Answer: D
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29. (L. = present value of benefit + expenses — present value of premiums.

If death occurs in the third year, then the benefit is payable at the end of the third year, and the
present valueis 10000 = 863.84 . There will be 3 years of expenses,

(.2)(41.20) 4+ 8 = 16.24 at the start of the first year, and (.06)(41.20) + 2 = 4.472 at the start
of the second and third years. The present value of the expensesis

16.24 + 4.472(v + v?) = 24.56 .

The present value of the 3 premiumsis 41.2(1 + v+ v?) = 119.81 .

Then (L., = 863.84 4+ 24.56 — 117.81 = 770.59 . Answer: A

30. We use the equivalent recursive relationships for reserves,
(V +P)A+14) = biy1 - Guit = Doyt - 141V and
WV +P)1+14) = (by1 — 41V )@ort = e11V
For ¢t =24 wehave
(272 + P)(1 + i) — 1000(.025) = (.975) - o5V .
We can find o5V if weknow P andi .
For ¢t =22 wehave
(235 4+ P)(1 + i) — (1000 — 255)(.015) = 255 , sothat (235 + P)(1 + 1) = 266.175
and for t = 23 we have
(255 4+ P)(1 + i) — (1000 — 272)(.020) = 272, sothat (255 + P)(1 + 1) = 286.56 .

Then, (2Pl = 2050 — 1,076, and we get P = 26.10 , and then i = .0194.

Then, (272 + 26.1)(1.0194) — 1000(.025) = (.975) - 35V — 25V = 286 . Answer: D

45 SO that 2055915 20P15°55435
5 —

55435 55435

3L 2055915 = 20P15 * 554 = 20P15 -

20P15 = % . From piecewise linearity on the interval from x =0 to = = 25,

we seethat since s(0) =1 and s(25) = .5, it followsthat s(15) =1 — (.6)(.5) =.7.
since 15 is .6 of the way from 0 to 25.

Similarly, s(35) =.5—(.2)(.1) = .48, since 35is.2 of theway from 25t0 75,

and s5(25) = .5, 5(75) = 4.

Therefore, % = 90P15 = % = 6857 . Answer: A
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32.7'(30) isamixture of non-smoker and smoker survival, with mixing weights .5 for each

group. 51P30 = 50P30 - Pso = gso = 1 — % :
For constant force v, ,p = e~

sop30 = (.5)[e2(08) 4 ¢=50(16)] — 009326 and
51030 = (.5)[e 2108 4 =51016)] — 008597 .

008597
Therefore, ggo =1 — 000326 — 078

Note that if we wish to mix the non-smoker and smoker mortality probabilities at age 80, we
have to be careful to use the correct weights. The non-smoker/smoker split at age 30 is 50-50.
If we had & smokers and k& non-smokers at age 30, we would have k - 5opy, = .018316k non-
smokers at age 80, and k - 5op5, = 00033546k smokers at age 80. The proper mixing weights

at age 80 would be .018316%15?01065“335 1or = -982 for non-smokers, and .018 for smokers.
Then, the mixed survival probability at age 80 would be .982¢% 4 .018¢~1% = 9218,
and the mixed mortality probability would be .0782 . Answer: A

33. The annual benefit premium () satisfies the equivalence principle relationship
Q1 + vpfg)) + 02 gpf)] = 1000[vq£(1)) + 2 1|qﬂ]) + 3 Q‘qﬂ))] which becomes

1920 1840 30 40
QM + 5500(1.05) T 2000(1.05)2) = 1000[2000(1 05) + 2000(1.052 + 2000(1.05 )

Solving for @ (notice that the 2000 can be cleared in the denominator first) resultsin @ = 14.7.
Answer: B

34. The losses can be separated into two independent Poisson processes, one for Disease 1, and
one for other diseases. The Poisson rate for Disease 1 |s( 5)(.16) = .01, and the rate for other
diseasesis .15 . The severity for Disease 1 is X, with mean 5 and variance 2500 and X for
other diseases with mean 10 and variance 400. The aggregate loss for one life is the combination
of the compound distributions, .S; being losses for Disease 1, and .S, being losses for other
diseases. E[S;] = (.01)(5) = .05, Var[S:] = (.01)(2525) = 25.25 (the second moment of X
is2525), and E[S;] = (.15)(10) = 1.5 and Var[S;] = (.15)(500) = 75 .

Then S, aggregate losses for one life, has mean E[S] = 1.55 and variance Var[S] = 100.25 .
Aggregate losses for 100 independent lives, say W, has mean 155 and variance 10,025.
Applying the normal approximation to W, the aggregate premium is A, where

o . W —155 A-155 7 _ 1 _ A—155 A-155
24=PW > A] = P[U=8 > 8 = 1 - a(J585) sothat = = 7065

andthen A = 225.7 . Thisisthe premium if non obtains the vaccine.
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34. continued

If everyone obtains the vaccine, then S; losses are eliminated, and aggregate losses U for the
100 liveshasmean E[U] = 100(1.5 + .15) = 165 and Var[U] = 100(75) = 7500 .

Then

24=P[U > Bl = 1-&(Z=2)  sothat 2180 — 7065 and B =226.2. A/B =.998.

g

Answer: C

c1 0<z<3
co - (:25€e7%7) x> 3
Sincethe spliced model is continuous, it must the casethat ¢; = cy(.25¢=7)

35. For the spliced model, f(z) = {

(since the density is continuous at = = 3) , which can bewritten as ¢, = 4e ¢, .
It also must betruethat [, f(z)dz =1, so that

f0301 dx + [;7co- (2527 do = 3¢1 + e Py =1.
Then, 3c; +4c; =1 ¢ =3 ,and P[X <3| = [}

dr =32 =.43. Answer: A

3
7

ENTI

36. We will assume that thereis alevel continuous annual benefit premium Q.

Then @4 = Taog + e~10(08)g=10(.05) . g .

where @5 = ;e e~ dt = 1587 = 5.506 and @y = ggigg = 6.25.

Then, a3y = 7.30, and the benefit reserve at time 10 is

10V (Agp) =1— 20 =1 - 235 = 144

Note also that P(Ajzp) = H%O — 6 = .0570 and the prospective benefit reserve at time 10 is
Ay — P(Ay) - Gao = gergg — (-057)(6.25) = 14375 . Answer: A

37. L = PVRV benefit — PVRV premium

The later death occurs, the smaller the PV of benefit and the larger the PV of premium received.
Therefore, the minimum L occurs at the latest date of death. If Pat survives beyond the 20 year
term then no benefit is paid but 10 premiums were received, so that thelossis

0 — 1600455 = — 12,973 . Thisis minimum possible loss. Answer: C
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38. The frequency is Poisson with A = 10.

The severity (amount paid per loss) isY = (X —4),

where X has auniform distribution on (0, 10) . The aggregate annual payment, S, had a
compound Poisson distribution. Var[S] = A - E[Y?]. Thepdf of X is.1on (0, 10) .
ElY?Y = [’z —-4)2(1)dz=72.

Then, Var[S] =10(7.2) =72.

Notice that we can also regard .S as a compound Poisson distribution with modified frequency
M which is Poisson withmean \' = 10(.6) = 6 , the expected number of payments, and
modified severity W, the cost per payment. With a deductible of 4 on the uniform (0,10), the
cost per payment W has a uniform distribution, but on (0,6) . The variance of S is

NE[W?] = (6)(12) = 72. Answer: C

39. Var[S] = E[N] - Var[X] + Var[N] - (E[X])?.

E[N] = (4) + (2)(:3) + (3)(. >— 16, B[N?] = (4) + (22)(:3) + (3)(2) = 34,
and Var[N]=3.4—(1.6)> = .84.

E[X]=Var[X]=3.

Then, Var[S] = (1.6)(3) + (.84)(3%) = 12.36 . Answer: E

40. The number of deposits per month (frequency), IV, is Poisson with mean 22. The amount of
each deposit (severity), X, hasa3-point distribution, P[X = 1] = .8, P[X = 5] = .15,

P[X = 10] = .05 . Aggregate monthly deposits, S, has a compound Poisson distribution with

variance Var[S] = X - E[X?] = (22)[(1)(.8) + (25)(.15) + (100)(.05)] = 210 . Answer: B
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