EXAM P QUESTIONS OF THE WEEK

S. Broverman, 2006

Week of April 10/06

An insurance claims administrator verifies claims for various |oss amounts.

For aloss claim of amount x, the amount of time spent by the administrator to verify theclamis
uniformly distributed between 0 and 1 4 = hours. The amount of each claim received by the
administrator is uniformly distributed between 1 and 2. Find the average amount of time that an
administrator spends on arandomly arriving claim.

The solution can be found below.



Week of April 10/06 - Solution

X = amount of loss claim, uniformly distributed on (1,2) ,s0 fx(z) =1for 1 <z < 2.
Y = amount of time spent verifying claim.

We are given that the conditional distribution of Y given X = x isuniformon (0,1 + z),
S0 f(y\x):ﬁ for 0<y<l+ax.

Wewishtofind E[Y]. Thejoint density of X andY is
flz,y) = flylz) - fx(z) = o for O<y<lt+rzandl<z<2.,
There are a couple of waysto find E[Y] :

(i) EY] = [[yf(z,y)dydz or E[Y]= [[yf(z,y)dxdy ,withcareful setting of the
integral Ilmlts or
(||) EY]= [y fy(y)dy ,where fy(y) isthe pdf of the marginal distribution of Y.
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(|||) Thedoubleexpectation rule, E[Y] = E[E[Y|X]].

If we apply thefirst approach for method (1), we get

1+Jf o 1+9: 2 1+¢ 5
f1 : 1+x dydx = 1 2 1+a= dy = J, de = 7.

If we apply the second approach for method (1), we must split the double integral into

= f02f12 : 1+a: drdy + f2 fy 1Y 1+x dx dy
Theflrstlntegral becomes foyln )dy =2In(3).
The second integral becomes f2 (in3 — Iny|dy = 5 In3 — f23ylnydy.
Theintegral [Jyinydy isfound by integration by parts.
Let [ylnydy = A.
Let w =y and dv = Inydy ,then v=ylny — y (antiderivative of In y), and then
A= [yinydy=ylylny — y) — [(yIny—y)dy =y*Iny — y* — A+ %,
sothat A = fylnydy = 1y lny -
Then f2ylnydy— =23 —9—(3In2 —1)=2In3 —2n2- 2.
Finaly, E[Y]=2In()+ %ln3 — fzgylnydy

=2In3 — 2In2 + 3In3— (§In3 —2In2—2)=2.

The first order of integration for method (i) was clearly the more efficient one.




(it) Thismethod is equivalent to the second approach in method (i), because we find fy (y) from
therelationship fy(y) = [ f(z,y) dz . Thetwo-dimensional region of probability for the joint
distributionis 1 <z <2 and 0 < y < 1+ = . Thisisillustrated in the graph below
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For 0<y<2, fy(y f1 mydx:ffl}rxdm—ln(@)
andfor 2 <z <3, fy fylf:cy)dx—fy11iwd:c—ln3—lny
Then E[Y foyln dy + fgy[ln3 — Iny] dy , which isthe same as the second part of

method (.).

(iii) According to the double expectation rule, for any two random variables U and W, we
have E[U|= E[E[U|W]]|. Therefore, E[Y] = E[E[Y|X]].

We are told that the conditional distribution of Y given X = z isuniform on the interval
(0,1+2),50 E[Y|X] =5 Then B[EY|X]] = B[%%] = L+ 1B[X] = L + §(}) = 3,
since X isuniformon (1, 2) and X hasmean 2 .



