EXAM C QUESTIONS OF THE WEEK

S. Broverman, 2005

Question 5 - Week of Auqust 22

Maximum likelihood estimation is applied to estimate the parameter 6 in a Weibull random
variable X for which 7 = 3 isknown. The estimation is based on the following random sample
of 6 observations: 3,4,6,6,7,9

(a) Find the maximum likelihood estimate of 6.

(b) Using the observed information approach (see page 335 of the Loss Models text, 2nd ed.),
find the estimated variance of the mle estimator of 6.

(c) Using the estimated variance from (b), find the estimated variance and approximate 95%

confidence intervals for each of the following two quantities:
(i) P[X <5] and (ii) themedianof X .

The solution can be found below.



Question 5 Solution

e

(8) Thepdf of Xis f(z) =

HT n
T7L.H($zfl).e*%—'2w;
For the random sample 1, zs, ..., z,, , thelikelihood functionis L(r,0) = —= G ,
and the loglikelihood function i(7,0) = nin(r) + (1 —1) - Zln(:gt) Zx{ —ntin(0).
i=1
If 7 is given then the mle equation is % 10) = 57 aT — T =0,

fromwhichwe get themle § = (+ - > a7)!/7.
i=1

~ n
In this examplewe have n = 6 samplevaluesand 7 = 3, soweget 6 = (% Sa)3 =6.43.
i=1

(b) The estimated variance of themled is () , Where 1(0) = E[aa—;f(e)} isthe "information”.

Continuing from part (a), we have
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The expectation E[WE(G)} isequal to E[— é—Q b+ %} = - % ELZ:E?} - % :

i=1 =

In order to find this expectation, we need to find £ LZxﬂ . According to the observed information
=1

approach, we use the observed sample valuesto find E[z?%] . Thiswould be 3400497 _ 1595

Then, ELZ:;;?} = Elz} + -+ + z}] would be estimated to be 6 x 125 = 1595 . Using the mle
=1

~

0 = 6.43 from part (a), weestimate [(¢) = — E [59—;26(9)} to be

- B[St ¢ 8] = - (- gl x5 gl =13,

The estimated variance of @ isthen & = .77 .



(c) (i) For the Weibull distribution, P[X < 7] =1 —e /9",
With =3, wehave P[X < 5] =1—¢ /%" and the mle estimate of this probability is
1-— e_(S/@)3 =1— ¢ (5/643)° — 38

We use the following rule to find the variance of the estimate probability.

A~

If g(6) isafunction of the estimator 6, then the variance of ¢(f) is approximately

A~ ~ ~

Var[g(0)] = [g(0)]* - Var[0] (thisisthe delta method).
Inthiscase, g(0) =1 — e/’ sothat ¢(6) = — e G/0". ?’@ij :

o~

Using the mle estimated value of 6 = 6.43, we get g(0) = —.137.

Then, Var[g(6)] isapproximately (—.137)%(.77) = .0145 .

The approximate 95% confidence interval for the estimated probability is
38 +1.964/.0145 = [.14, .62].

(ii) The median of the Weibull distribution ism, where P[X <m] =1—e "9 = 5,
Solving for m resultsin m =6 - [In2]Y/7 .

Inthis example, with 7 =3, weget m =6 - [In2]/? = 8856 .

The mle estimate of the median will be 17 = .8856 = 5.69 .

The variance of the estimated median can be found as follows.

A~

m = .8850 = g(0) , sothat ¢ (0) = .885 .
Then the approximate variance of ¢(9) is [¢/(0)]2 - Var(A) = (.885)2(.77) = .60 .
The approximate 95% confidence interval for the median is

5.69 +1.961/.60 = [4.17, 7.21] .



