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A compound distribution  has frequency  and severity , both of which are members of theW R \

Ð+ß ,ß !Ñ class. You are given the following:
IÐRÑ œ #Þ% ß Z +<ÐRÑ œ "Þ*# ß IÐWÑ œ "%Þ% ß Z +<ÐWÑ œ "#'Þ(#

Find   .TÐW œ !Ñ

The solution can be found below.



Week of August 13/07 - Solution

The probability generating functions of  and  satisfy the relationshipWß R \

    .  Then,   .T Ð>Ñ œ T ÐT Ð>ÑÑ T ÐW œ !Ñ œ T Ð!Ñ œ T ÐT Ð!ÑÑW R \ W R \

An  distribution must be either Poisson, Negative Binomial or Binomial.Ð+ß ,ß !Ñ

Binomial is the only one of the three with expected value greater than variance.
Therefore,  is binomial, say with parameters  and .R ; 7

IÒRÓ œ 7; œ #Þ% Z +<ÒRÓ œ 7;Ð"  ;Ñ œ "Þ*#  and   ,
and it follows that  and   . The probability generating function of  is; œ Þ# 7 œ "# R

T ÐDÑ œR Ò"  ;ÐD  "ÑÓ œ Ò"  ÐÞ#ÑÐD  "ÑÓ7 "# .

The mean of  is   , so that  W IÒWÓ œ IÒRÓ † IÒ\Ó "%Þ% œ #Þ%IÒ\Ó

and we get   .IÒ\Ó œ 'Þ!

The variance of  is  ,W Z +<ÒWÓ œ IÒRÓ † Z +<Ò\Ó  Z +<ÒRÓ † ÐIÒ\ÓÑ#

so that   , and we get   ."#'Þ(# œ #Þ%Z +<Ò\Ó  "Þ*#Ð'Þ!Ñ Z +<Ò\Ó œ #%#

Since  is an  distribution, it is either Poisson, Negative Binomial or Binomial.\ Ð+ß ,ß !Ñ

The Negative Binomial distribution is the only one of the three whose mean is less than its
variance. Therefore  has a negative binomial distribution, say with parameters  and .\ < "

IÒ\Ó œ < œ ' Z +<Ò\Ó œ < Ð"  Ñ œ #% œ $ < œ #" " " "  and   , and it follows that   and   .
The probability generating function of  is   .\ T Ð>Ñ œ œ\

" "
Ò" Ð>"ÑÓ Ò"$Ð>"ÑÓ" < #

Then,   , andT Ð!Ñ œ œ\
" "

Ò"$Ð"ÑÓ "'#

T ÐW œ !Ñ œ T Ð!Ñ œ T Ð Ñ œ Ò"  ÐÞ#ÑÐ  "ÑÓ œ Þ!)#)W R
" "
"' "'

"#T ÐT Ð!ÑÑ œR \  .


