EXAM C QUESTIONS OF THE WEEK

S. Broverman, 2005

Week of January 30/06

The random variable X is uniformly distributed on the interval (260, 36) where 6 > 0.
X4, ..., X,, isarandom sample from the distribution of X.

(@ Show that themleof 0is § = - Max(X,, ..., X,) .
(b) Show that @ is asymptotically unbiased.

(c) Find the variance of 9 if n = 2.

Solution can be found below.



Week of January 30/06 - Solution

(@ The pdf of Xis f( ) =5 for 20 < x < 30, so thelikelihood function is

L(0) = Hf(wl) g - L(0

1
0
6) will be maximized when 6 is minimized.

For each x; it must be true that 1 <6 < 2. Thesmallest possible value of ¢ that is consistent
with these inequalities for all z; &amplevalueﬁls
0=Max(3, % . 2y =1 Max(X,, ..., X,). Thisisthemle.

(b) Thebiasintheestimator is E[6] — 0.
Tofind E[#] wefirst findthecdf of 8, F(t) = P[0 <t].
Thisis P[0 <t] = P}  Max(X, ..., X,,) <t] = P|
=P[(X; <3t)N(Xy <3t)N---N (X, <3t)] = [P(X < 3)]"

(since the X;'s are mutually independent).

For t <% ,wehave 3t <260 ,sothat P(X <3t) =0,

andfor ¢t > 6 ,wehave 3t > 30 ,sothat P(X <3t)=1.

For 2 <t <¢ wehave 20 <3t <30,sothat P(X < 3t) =32

(X has auniform distribution from 26 to 30).

Therefore, for 2 <t <0 wehave Fy(t) = P[0 < t] = [P(X < 3t)]" = [25%]
Since9 >0, theX sareall >0,andd > 0. Therefore,

20 3 0 —201n o0
! dt = [7P1 =01 dt + [y, (1— [252]") dt + [;°(1— 1) dt
B 01 1. 3t—20) nH1[=0 1 6 _ (3n
= foldt - fze/:’» M] di =0~ [ B tDo" ‘t 29/3] = 0= g = ()
Then the biasin the estimator 6 is B(A) = E[0] — 6 = (242)0 — 0 = — 0.

Weseethat lim B(H) — 0, s0 6 isasymptotically unbiased.

-~

(c) Thevarianceof dis Var(d) = E[§)] — (E[A])?.
We have just seen that E[@] (3242)0 .
If n=2,wehave E[f] =
From the cdf of 6, F;(t)
ft) = £Ft) =2 %5
Then,
0 0 _
= f29/3 £ fﬁ( t)dt = f29/3 t* -2 [Stew] ’ % dt

— 3 2 430* __ 436°
=35 f29/3 (3% — 208%) dt = 3 - 2o = 2.

Var[d) = Ef'] — (E[B])? = 22 — (82— &2

[3t 2012 we can get the pdf of 6,




